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Comparison with exact overlap integrals 

Here, we calculate overlap integrals between two harmonic-oscillator eigenfunctions and 

compare results with above estimations found by projecting Wigner transform onto the energy 

surface. 

Propensity rules are not of our concern here because the initial and final states are defined in 

advance. Without loss of generality one can consider one-dimensional oscillator. For many-

dimensional harmonic oscillator, matrix elements can be found as a product of one-dimensional 

integrals. 

 

Overlap integral at E = 0 

A donor and an acceptor Hamiltonians are 
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(we set 1=m ). Schematically, the potentials are shown below 
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Since acceptor energy surface shrinks to one point at the potential bottom, both acceptor and donor 

are in a ground state, 
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and the overlap integral is 
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According to the method of Wigner transform, 2A  is approximated by the function ),( QPρ  at 

accepting point ),0(),( )1(QQP = . There, ( )2)1()0()1(
2
1

2
1 ln QQW −=−= ωρ . However according to 

exact calculations, the exponential factor 2
2
1 ln A−  is different, ( )2)1()0(

)1()0(

)1()0(

2
1 QQ −

+ωω
ωω

, see Eq. 

(32). For example, if frequencies are equal, the former exponential factor is two times larger than the 

latter one. If the frequency )0(ω  is large, then the factors are almost the same. By doing projection of 

the Wigner-function on the accepting point we are approximating in effect the acceptor 

wavefunction by δ -function, )()( )1()1( QQQ −= δψ . 

Quasiclassical overlap integral 

Generally, an overlap integral can be estimated quasiclassically, without a pre-factor, as an 

exponent of integral of action over forbidden region which is a sum of )0(S  and )1(S , see a figure 

below. 



Overlap integrals 

Printe  

3 

 

)0(Q

)1(Q

V
)1(V

E

)0(S
)1(S

0S

0Q

. 

It is easy to see that 0S  is always larger that the sum of )0(S  and )1(S . So, the logarithm of Wigner-

function is always larger than the quasiclassical exponential factor (as long as momentum of the 

accepting point is zero). 

When the transition is almost allowed classically (so called reflection approximation), then 

)2()1( SS >> , see a figure below,  
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and there is good agreement with quasiclassical approximation. This inequality generally holds when 

derivative of V  is much larger than derivative of )1(V  at the point of crossing of potentials. 
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Direct calculation of an overlap integral between two harmonic-

oscillator wave functions 

Since the harmonic oscillator is an exactly solvable problem, we can estimate explicitly an 

overlap integral between two wavefunctions ),()( 000 xx ωϕψ =  and ),()( 11 1
axx n −= ωϕψ  where 
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is an eigenfunction of a harmonic oscillator. Here, )(0 xψ  is a ground-state wavefunction of the 

donor state, )(
1

xnψ  is an excited-state wavefunction of the acceptor state, and a  is a shift along x -

axis between bottoms of harmonic potentials. one in order to 

consider later a quasiclassical limit 0→! . We calculated the overlap integral 
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for successively increasing 1n  by Mathematica software and finally we guess a general formula 

(valid for any 1n ): 
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where ]2/[ 1n  is the largest integer smaller or equal to 2/1n . We tested that the formula (3) for all 

201 ≤n , and we expect that it is valid for arbitrary 1n . 
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0→�   limit 

Let us estimate the quasiclassical limit of the overlap integral by substituting )/( 11 ω�En =  into 

the expression (3) and setting 0→! . 

Equal frequencies 

Consider firstly the case ωωω == 10 . Because of presence of successive powers of ( )2
0

2
1 ωω −  

in (3), there is only one nonzero term in the sum, and 
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Using Stirling formula for the factorial in (4), we find 
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The exponential factor 
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 is the same as the integral of action that was 

mentioned in a previous section. 

Unequal frequencies 

Now, let us consider much more complicated case 10 ωω < . In this case, there are two 

intersections of the potential curves, see a figure below. 
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Let us define a function 
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(the sum (6) can be expressed through confluent hypergeometric function ),,( zbaU  as 

)/2,2/1,2/(!)/2( 2/ cnnUncn n −−− , but this expression is not used here). We estimate the function  

(6) for large n  by replacing the sum by an integral ( )dxxg
n
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After expanding the exponent around the point ( ) cncx /11
2

2
1

0 −+= , which is close to its 

minimum, we estimate the integral as 
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We expand coefficients: ( )nOgngnng 1)1(
0
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after inserting them into (8) we estimate it as 
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0gA = . Inserting there expressions for expansion coefficients 

(which are omitted here), we find: 
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where 2/1
1 )1( cc += . Eq. (9) was proven for positive c , but numerical tests show that it is correct for 

a wider range 1−>c , although a proof for the range 01 <<− c  is unknown. Numerical tests show 

that for 1−<c , a modified Eq. (9) holds, 
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where 0C , A , and 1c  are defined by the same formulas (10). In these formulas, one should choose 

any branch of 2/1)1( c+ , any branch of 
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. Approximations (9) and (9a) became poorer as 1−→c . A special case of 1−=c  

remains to be studied. 

Now, let us use Eq. (9) to estimate the overlap integral. Using (3) and Stiltjes formula for !n , it 

can be expressed through the function (6) as 
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with 
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Using (9), we find 
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where c  given by (12), 2/1
1 )1( cc += , and 01 /ωω=k . Note that in a quasiclassical limit 

2
1

2
0

2

2
0

2
1 )(2

ωω
ωω

a

E
c

−
= . The factor S  should be the same as the total quasiclassical action )1()0( SS + . 

Results of calculations by the quasiclassical formula are shown in the following table. There, 

we put 100=n , 01.0=! , and 0ω , 1ω , a  to random numbers in [0,1] interval. 
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For  1−<c , we take real part and double the result of (13), according to Eq. (9a). 

Conclusions 

There exist several basic differences between phase space distribution approach and 

quasiclassical approach. The former approach approximates a positive quantity of square of an 

overlap integral, while the latter approach approximates an integral itself. If there are no potential 

curve crossings (when 1
)(2

1
2
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2

2
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2
1 −<

−
=

ωω
ωω

a

n
c

�
), then an overlap integral is a rapidly oscillating 

function of !/1  due to presence of an imaginary part in S , but the phase-space approximation gives 

a smooth function. Finally, the phase-space approximation is always smaller (at least for cases 

depicted on above figures) because the exponent is larger, but this error can be corrected in principle 

by taking into account the derivative of the potential of an acceptor surface which is equivalent to 

approximating of the Wigner density by Airy function instead of δ -function. 

 


