
Transformation to normal modes for helium potential (λ = 1 2/ )
using prolate spheroidal coordinates, with variable mass of the

first electron
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1.000 -0.12791 + 0.34680*I -0.01115 - 0.19458*I 0.026332 + 0.015322*I 0.370 0.1949 0.03047
0.30731 - 0.03931*I 0.002190 + 0.020344*I 0.21521 - 0.20107*I 0.3098 0.02046 0.2945
0.9166 + 0.1465*I 0.019496 - 0.033297*I 0.05699 + 0.05919*I 0.928 0.0386 0.0822

0.950 -0.11583 + 0.34271*I -0.01212 - 0.20174*I 0.026208 + 0.011545*I 0.362 0.2021 0.02864
0.30400 - 0.03438*I 0.003130 + 0.021496*I 0.21136 - 0.20641*I 0.3059 0.02172 0.2954
0.9463 + 0.1356*I 0.019017 - 0.031817*I 0.05493 + 0.05604*I 0.956 0.0371 0.0785

0.900 -0.10497 + 0.33733*I -0.01373 - 0.20894*I 0.025564 + 0.008018*I 0.353 0.2094 0.02679
0.30240 - 0.02892*I 0.004176 + 0.022351*I 0.20729 - 0.21160*I 0.3038 0.02274 0.2962
0.9768 + 0.1253*I 0.018683 - 0.030313*I 0.05263 + 0.05352*I 0.985 0.0356 0.0751

0.850 -0.09544 + 0.33104*I -0.01593 - 0.21608*I 0.024490 + 0.004824*I 0.345 0.2167 0.02496
0.30242 - 0.02328*I 0.005271 + 0.022900*I 0.20300 - 0.21662*I 0.3033 0.02350 0.2969
1.0086 + 0.1155*I 0.018469 - 0.028809*I 0.05025 + 0.05157*I 1.015 0.0342 0.0720

0.800 -0.08724 + 0.32419*I -0.01870 - 0.22306*I 0.023082 + 0.002013*I 0.336 0.2238 0.02317
0.30395 - 0.01768*I 0.006365 + 0.023148*I 0.19846 - 0.22145*I 0.3045 0.02401 0.2974
1.0425 + 0.1065*I 0.018349 - 0.027321*I 0.04788 + 0.05007*I 1.048 0.0329 0.0693

0.750 -0.08027 + 0.31707*I -0.02196 - 0.22981*I 0.021434 - 0.000393*I 0.327 0.2309 0.02144
0.30687 - 0.01230*I 0.007412 + 0.023104*I 0.19369 - 0.22607*I 0.3071 0.02426 0.2977
1.0792 + 0.0981*I 0.018297 - 0.025854*I 0.04560 + 0.04895*I 1.084 0.0317 0.0669

0.700 -0.07440 + 0.30987*I -0.02566 - 0.23628*I 0.019627 - 0.002394*I 0.319 0.2377 0.01977
0.31108 - 0.00723*I 0.008375 + 0.022785*I 0.18870 - 0.23045*I 0.3112 0.02427 0.2978
1.1194 + 0.0903*I 0.018288 - 0.024411*I 0.04342 + 0.04811*I 1.123 0.03050 0.0648

0.650 -0.06948 + 0.30273*I -0.02971 - 0.24244*I 0.017729 - 0.004002*I 0.3106 0.2443 0.01818
0.31652 - 0.00258*I 0.009220 + 0.022207*I 0.18350 - 0.23458*I 0.317 0.02404 0.2978
1.1639 + 0.0832*I 0.018300 - 0.022987*I 0.04136 + 0.04747*I 1.167 0.02938 0.0630

0.600 -0.06537 + 0.29574*I -0.03407 - 0.24826*I 0.015797 - 0.005239*I 0.3029 0.2506 0.01664
0.32316 + 0.00161*I 0.009920 + 0.021390*I 0.17812 - 0.23844*I 0.323 0.02358 0.2976

1.2140 + 0.0766*I 0.018314 - 0.021578*I 0.03941 + 0.04698*I 1.216 0.02830 0.0613

0.550 -0.06196 + 0.28896*I -0.03867 - 0.25374*I 0.013877 - 0.006128*I 0.2955 0.2567 0.01517
0.33100 + 0.00526*I 0.010452 + 0.020353*I 0.17257 - 0.24203*I 0.331 0.02288 0.2973

1.2707 + 0.0704*I 0.018310 - 0.020176*I 0.03756 + 0.04656*I 1.273 0.02725 0.0598

0.500 -0.05912 + 0.28241*I -0.04347 - 0.25888*I 0.012003 - 0.006697*I 0.2885 0.2625 0.01375
0.34007 + 0.00828*I 0.010795 + 0.019114*I 0.16688 - 0.24535*I 0.340 0.02195 0.2967

1.3360 + 0.0647*I 0.018271 - 0.018774*I 0.03580 + 0.04616*I 1.338 0.02620 0.0584



0.450 -0.05676 + 0.27609*I -0.04842 - 0.26367*I 0.010206 - 0.006970*I 0.2819 0.2681 0.01236
0.35044 + 0.01059*I 0.010930 + 0.017692*I 0.16107 - 0.24839*I 0.351 0.02080 0.2960

1.4122 + 0.0593*I 0.018176 - 0.017364*I 0.03411 + 0.04573*I 1.413 0.02514 0.0570

0.400 -0.05482 + 0.27001*I -0.05347 - 0.26811*I 0.008508 - 0.006975*I 0.2755 0.2734 0.01100
0.36221 + 0.01206*I 0.010841 + 0.016106*I 0.15514 - 0.25115*I 0.362 0.01941 0.2952

1.5026 + 0.0542*I 0.018003 - 0.015938*I 0.03247 + 0.04520*I 1.504 0.02404 0.0556

0.350 -0.05322 + 0.26415*I -0.05860 - 0.27222*I 0.006927 - 0.006733*I 0.2695 0.2785 0.00966
0.37548 + 0.01248*I 0.010512 + 0.014374*I 0.14911 - 0.25365*I 0.376 0.01781 0.2942

1.6121 + 0.0495*I 0.017723 - 0.014489*I 0.03084 + 0.04449*I 1.613 0.02289 0.0541

0.2500 -0.05084 + 0.25304*I -0.06895 - 0.27945*I 0.004170 - 0.005608*I 0.2581 0.2878 0.00699
0.40723 + 0.00917*I 0.009067 + 0.010546*I 0.13677 - 0.25789*I 0.407 0.01391 0.2919

1.9245 + 0.0408*I 0.016687 - 0.011482*I 0.02746 + 0.04210*I 1.925 0.02026 0.0503

0.2000 -0.04998 + 0.24777*I -0.07410 - 0.28259*I 0.003015 - 0.004766*I 0.2528 0.2921 0.00564
0.42609 + 0.00461*I 0.007918 + 0.008492*I 0.13045 - 0.25966*I 0.426 0.01161 0.2906

2.1636 + 0.0367*I 0.015806 - 0.009899*I 0.02555 + 0.04007*I 2.164 0.01865 0.0475

0.1500 -0.04929 + 0.24266*I -0.07921 - 0.28542*I 0.002017 - 0.003766*I 0.2476 0.2962 0.00427
-0.4472 + 0.0027*I -0.006459 - 0.006375*I -0.12402 + 0.26121*I 0.447 0.00908 0.2892
2.5144 + 0.0325*I 0.014533 - 0.008233*I 0.023270 + 0.037056*I 2.515 0.01670 0.0438

0.1000 -0.04875 + 0.23769*I -0.08423 - 0.28795*I 0.0011810- 0.002626*I 0.2426 0.3000 0.002880
-0.4708 + 0.0137*I -0.004670 - 0.004225*I -0.11743 + 0.26256*I 0.471 0.00630 0.2876
3.1027 + 0.0278*I 0.012637 - 0.006431*I 0.020256 + 0.032420*I 3.103 0.01418 0.0382

0.0500 -0.04832 + 0.23286*I -0.08916 - 0.29019*I 0.000508 - 0.001365*I 0.2378 0.3036 0.001457
-0.4969 + 0.0298*I -0.0025258 - 0.0020817*I -0.11061 + 0.26373*I 0.498 0.00327 0.2860
4.4266 + 0.0213*I 0.009550 - 0.004335*I 0.015521 + 0.024635*I 4.43 0.01049 0.02912

0.03000 -0.04818 + 0.23097*I -0.09109 - 0.29101*I 0.0002854- 0.000831*I 0.2359 0.3049 0.000878
-0.5079 + 0.0381*I -0.0015627 - 0.0012378*I -0.10780 + 0.26414*I 0.509 0.001994 0.2853

5.737 + 0.017*I 0.007606 - 0.003293*I 0.012481 + 0.019651*I 5.74 0.00829 0.02328

0.02000 -0.04812 + 0.23002*I -0.09205 - 0.29140*I 0.000184 - 0.000558*I 0.2350 0.3056 0.000587
-0.5136 + 0.0427*I -0.0010577 - 0.0008208*I -0.10637 + 0.26433*I 0.515 0.001339 0.2849

7.041 + 0.014*I 0.006299 - 0.002662*I 0.010395 + 0.016283*I 7.04 0.00684 0.01932

0.01000 -0.04806 + 0.22908*I -0.09300 - 0.29178*I 0.000089 - 0.000281*I 0.2341 0.3062 0.000294
-0.5193 + 0.0476*I -0.0005369 - 0.0004080*I -0.10492 + 0.26452*I 0.521 0.000674 0.2846

9.978 + 0.010*I 0.004518 - 0.001864*I 0.007505 + 0.011685*I 9.98 0.00489 0.01389

Footnote.  Here, we used variables s r1 1= , s r r r2 2 3 1= +( ) / , s r r r3 2 3 1= −( ) / . Normal coordinates

are: q T r T si ij
j

j ij
j

j= = ′∑ ∑∆ ∆ , where ′ = ∑T T Rij ik
k

kj , R r skj k j= ∂ ∂/ . Results imply that the slowest

normal-mode coordinate q3  approximately equals to s1 , and coordinates q1 , q2  equal to prolate spheroidal

coordinates s2 , s3  with mixing of s1 .


