Variational calculations of ionization energies of few-

electron atoms with a variable charge

The trial wave function is constructed as a linear combination of products of single-particle

functions of the form
Y, . (6,0)r' exp(-ar)x,, (1)

where Y| isaspherical harmonics, x, isaspinfunction(x, =a,and x, = 3).

Firstly, consider atwo-€lectron atom. For the ground state, we construct the trial function as
e‘a1r1 &l e_azrl —ar (2)

Parameters a, and a, are found by minimization of the energy functional, e. i. an expectation value

of Hamiltonian
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The energy functional isarational function of a,, a, (howewer, the expression islengthy).

Results for helium (Z=2),H- (Z=1), and Li* (Z = 3) are given in the following table.

Z a a, Ea % of exact
1 1.04 0.28 -0.5133 97.3
2 2.18 1.19 -2.8757 99.0
3 3.29 2.08 -1.2467 99.6

lonization energy E, (Z) = -1/(2Z%) —E(Z) is shown on Fig. 1 together with results of summation
of 1/Z-expansion. lonization energy is zero at Z, = 0.9538 that is larger than exact critical charge
Z,=09110. Below Z, =0.9276, that correspondsto E = -0.4246, a, =1014, and a, = 0156, the
minimum of the energy functional disappears (turnes to a complex stationary point). At Z=2,, the

energy has a singularity ~(Z-2.)¥?. Derivatives of the energy shown on fig. 2 and 3 have



singularities also. Note that exponential parameters a,, a, shown on fig. 4 remain positive at
Z=27,.

Similar calculations were done for asimplified trial function that does not include exchange:
e—alrl—azrz . (1a)

Fig. 4.1 shows the results. We found a symmetric minimum at a, =a, =Z —5/16 that gives well-

known approximation E = —(Z —5/16)*. For sufficiently small Z, we found also an asymmetric

minimum which turnes to a global minimum at Z <108 (however it grossy underestimates the
energy). So, including exchange (trial function (1)) significantly improves an accuracy for weakly
bound states (near the critical charge).

For the lowest triplet state of atwo-electron atom, we construct the trial function as
e_alrl_azrz - e‘azﬁ 3l (4)

where parameters a, and a, are found by minimization of the corresponding energy functional.

Results for helium (Z =2) and Lit (Z = 3) are given in the following table.

Z a a, Ea % of exact
2 1.97 0.32 -2.1606 99.3
3 2.93 0.60 -5.0718 99.2

lonization energy E, (Z) = -1/(2Z%) —E(Z) is shown on Fig. 5 together with results of summation
of 1/Z-expansion. lonization energy is zero at Z, =1. Below Z, =0.9928, that corresponds to
E =-0.4929, a =100003, and a, = —0.0135, the minimum of the energy functional disappears
(turnes to a complex stationary point). At Z=2Z,, the energy has a singularity ~(Z-2.)%.

Derivatives of the energy shown on fig. 6 and 7 have singularities also. Note that one of exponential

parameters a,, a, (shown on fig. 8) turnesto zero at Z = Z,,, that means that a trial wave function
(4) is non square integrable at Z=2,. Finding a critical index, i. e. establishing behavior
dE, / dz

vs. Z a

E ~(Z-2,)" is of particular interest. In order to find o, we plot (Z-2,)

Z=1Z,.Fig. 9 showsthat the limit of thisquantity at Z — Z, isaround a = 2.

Fig. 10 shows the ratio of variational ionization energy to exact one (1/Z-expansion) for singlet

and triplet states. When it is close to one, the variational method is accurate. For both states,



accuracy increases with Z, because an electron interaction weakens, and Hartree - Fock
approximation is more accurate for large Z. For the triplet state, accuracy increases also when Z
approaches to one. It can be explained by separation of the outer electron from the core electron that

makes Hartree - Fock approximation more accurate. In this region, the second derivative tends to 1
(see fig. 7) that is E, ~(Z—-1)°/2 when Z - 1. It can be interpreted as the binding energy of the
outer electron on the ground state in an effective Coulomb potential —(Z —1)/r moving on an orbit

of bigradius1/(Z-1).

P-states of two-electron atoms

Let us consider a doubly excited 2p® °P state that is equivalent to the ground state in five-

dimensional space. We construct atrial wave function in the same spirit as

Y1,0(911 ¢1)I‘1 exp(_airl) w1,1(621‘1’2)"2 exp(_azrz) +Y1,o (92,¢2)I’2 exp( _a1r2) wl,l(eyd’l)rl exp( _a2r1) .
(A)

However, there is an ambiguety in the choice. Along with atria function (A), we consider another

one,

Y1,0 (911 ¢1)I’1 exp(_airl) w1,1(621‘152)"2 exp(_azrz) +Y1,o(611¢1)r1 exp( _a2r1) m’1,1(921‘1’2)"2 exp( _aer)
+ (rl S rz)- (B)

If &, =a, then the functions (A) and (B) are the same. Comparison of results of minimization of the

energy functional for helium (Z = 2) for trial functions (A) and (B) are given in the following table.

Tria function =N a, E.. % of exact
A 0.84 0.84 -0.6988 98.4
B 1.04 0.62 -0.7044 99.1

lonization energy E,(Z) =-1/(8Z%)-E(Z) is shown on Fig. 11. We found that the choice (B)
significantly improves an accuracy. When Z <1.2, obtained ionization energy increases at least two
times. For the choice (A), there is a secondary minimum with a, # a, that turnes to a global one
when Z <112. However, it gives a considerable under-estimation of the true ionization energy. For
the choice (A), the curve does not have singularitiesnear Z =1. At Z =1, it goes to zero with zero

derivative, while one of exponential parameters goes to zero. For the choice (B), the curve goes to



zero near Z=102. At the point Z, =10160, that corresponds to E =-01280, a, =0.496, and
a, =0114, there is a singularity. It reflects existance of critical charge Z, =0.9948. In a very
narrow region 1<Z < Z,, there is another minimum of the energy functiona for the trial function
(B) that gives a positive ionization energy (it is not shown on the figure 11).

Let us consider the lowest P-states, 1s2p P and 1s2p *P . The trid function was chosen in

the form
Yl,O (011¢1)r1 exp(_alrl) @Xp(_azrz) * (rl S rz) (5)
Results for helium (Z = 2)are given in the following table.
State =) a, E.. % of exact
1s2p ‘P 2.00 0.48 -2.1224 99.93
1s2p °P 1.99 0.54 -2.1307 99.88

lonization energy E,(Z)=-1/(2Z%) -E(Z) is shown on Fig. 12 for 1s2p °P state. The curve
touches the ionization border (E, =0) at the point Z, =1 that is an exact critical charge. However,
there are no singularities near Z =27,. Note that another trial function similar to (B) may be

constructed also, but they remain to be tested.

Ground state of three-electron atoms

A standard choice of athree-electron Hartree - Fock trial function is a Slater determinant. We

construct a Slater determinant from exponential coordinate functions:

e*a(l) e™*B@R e*a(l)
e*a(2) e**B(2) e*a(2). (A)
e *a(3) e**B@R) e*a(3

Along with atrial function (A), we consider another one,
e*a(l) e™*pA e*a@| |[e*BA) e*a@) e*a(Q)

e*a(2) e**p(2) e*:a(2)-le* B2 e*a(2) e*a(2). (B)
e*a3) e*pB) e*a3) e*PR) e*ad) e a(l)



Finally, we used the choice (B). The reason is consistency of three-electron energy functional with

two-electron energy functional, when the third electron goes to infinity (a, — 0) which happens
when the system ionizes. The limit a, — 0 of the energy functional corresponding to (A) is a
function that is not symmetric in variables a,, a,. So, it cannot be the same as two-electron energy
functional corresponding to atrial function (2) that is symmetricin a,, a,. It can be shown, that the
limit a, - O of the energy functional corresponding to (B) is the same as two-electron energy
functional corresponding to atria function (2).

Results for lithium (Z = 3), Be* (Z = 4), and B2+ (Z = 5) are given in the following table.

Z Tria function a a, a, E.. % of exact
3 A 2.67 2.67 0.34 -7.4014 99.0
3 B 3.28 2.07 0.34 -7.4266 99.3
4 B 4.34 2.97 0.62 -14.2392 99.4
5 B 5.37 391 0.90 -23.2955 99.4

lonization energy is calculated as a difference between the minimum of two-electron energy
functional (trial function (2)) and a minimum of three-electron energy functional (trial function (B)).
Because of consistency of these functionals mentioned above, we have always zero ionization

energy, as soon asthe third electron ionizes (a; — 0).

lonization energy is shown on Fig. 12 together with numerical results of P. Serra (1998) that
are much more accurate than our variational results and can be considered as ,exact”. Our
variational results look qualitatively the same as exact results with dlightly underestimation.
Variational ionization energy and its derivatives (fig. 13 - 15) are very similar to the triplet state of
two-electron atoms that was discussed above. One of exponential parameters a,, a,, a, (shown on
Fig. 16) turnesto zero at Z =Z, =2, that means that a trial wave function is non square integrable
a Z=27Z,. Below Z =19884, that corresponds to E =-2.8369, a =21702, a, =11784, and
a, = —0.0215, the minimum of the energy functional disappears (turnes to a complex stationary

dE, /dz

point). On Fig. 17, we plot a(Z) =(Z -Z2,)

vs. Z a Z=Z,. Thelimit of this quantity at

Z - Z,isaround a = 2.

Ground state of four-electron atoms



A standard choice of athree-electron Hartree - Fock trial function is a Slater determinant. We

construct a Slater determinant from exponential coordinate functions:

eal) e™p) ea(l) B
e—a1r2 a (2) e—agrzﬁ(z) e_a3"2 a (2) e‘%"zB (2)
e*a®) €wpE e a@ e pE)
eUna(d) epE) eald) e p)

(A)

Along with atria function (A), we consider another one,

e*a() e™pl) e*a@® e*pE)| e*pO) e*a@) e a) e I
e™a(2) e™p(2) e a(2) e™B(2) e B(2) e a(2) eta(2) e B(2)
e *a(3) e™PBRB) e* a(3) e™*P(3) |e*PBB) e*a(3) e*a(3) e *P(3J
e*a(d) e® B e*a(d) e*B4)| |e*B4) e*a(d) e a(4) e*pB(4)
e Bl e*a@) e™BO) e*a@)| |e*a() e*pEL) e™BO) e a(d)
e B(2) e™*=a(2) e™*p(2) e™a(2) |e*a(2) e*p(2) e P(2) e*=a(2)
e B3 e ad e PR e a(d)| |e*aB) e BER) e PR e a(d)
e B(4) e"a(d) e™B(E) e*"a(d) e a(4) e B(4) e pA) e a(4)
(B)

Finally, we used the choice (B). The reason is consistency of four-electron energy functional with

three-electron energy functional, when the third electron goes to infinity (a; — 0) which happens
when the system ionizes, and also symmetry of the trial function (B) in respect to permutations
a < a anda; 5 a,.

Resultsfor Li- (Z=3),Be(Z=4),and BT (Z =5) are given in the following table.

Z  Tria function a a, a, a, E.. % of exact
3 B 3.28 2.06 0.33 0.14 -7.4317

4 A 3.65 3.65 0.53 0.53 -14.5065 99.2

4 B 4.35 294 0.53+0.17i 0.53-0.17i -14.5335 99.4

5 B 5.40 3.84 0.81+0.30i 0.81-0.30i -24.1435 99.4

lonization energy is calculated as a difference between the minimum of three-electron energy
functional and a minimum of four-electron energy functional (tria function (B)).
Variational ionization energy and its derivatives (fig. 18 - 20) are very similar to the singlet

state of two-electron atoms that was discussed above. Exponential parameters a,, a,, a;, a, are



shown on Fig. 21. Note that parameters a,, a, became complex-conjugate when Z>3.25.

However, the wavefunction (B) remains real because it is a symmetric function in respect to

interchange a, < a,. Below Z, =29343, that corresponds to E=-7.0554, a =10944,
a, =0.6838, a, =0.1116 and a, = 0.0246, the minimum of the energy functional disappears (turnes

to acomplex stationary point).

Ground state of five-electron atoms

We construct atrial function in the form

ea(l) e™BL) e a@) e B Y, 6.,0)e  al)
e*a(2) e*p2) a2 e P2) Y,o(0,.¢,)e " a(2)
e*ad) e B@d) e a@d e BB Y@, p)e > ad)
e a(d) e PA) e a(d) e B@A) Y,0,.0,)e " al4)
ea(s) eBE) e ad) e BE) Y,o0sp.)e"a(5)

—|BaaBa| +|BaBaa | —pBBaa |,

where |BaaBa| etc. denote determinants with some a and S8 interchanged.

Resultsfor B (Z =5) and C* (Z = 6) are given in the following table.

Z & a, a, a, a E.. % of exact
5 5.42 3.85 0.72+...i 0.72-...i 1.24 -24.4512 99.5
6 6.45 4.75 0.99+...i 0.99-...i 1.79 -37.1528 99.5

lonization energy is calculated as a difference between the minimum of four-electron energy
functiona and a minimum of five-electron energy functional.
Variational ionization energy and its derivatives are shown on Fig. 22 - 24. Exponential

parameters a,, a,, a,, a,, 8 are shown on Fig. 25. lonization energy is zero at Z, =41 that is
larger than exact critical charge Z, < 4. Actualy, there is a secondary minimum (not shown on Fig.

22 - 24) that becomes a global minimum at Z <4.1 and goesto zero at Z — 4 (cf. with similar Fig.
4.1 and 11).

Ground state of six-electron atoms

We construct atria function in theform



e*a(l) e™BM) e*a) e*BO) Y O.e)e*al) Y.(6,@)e™" al)
e*a(2) e**B(2) e**a(2) e B(2) Y,(6.¢)e " a(2) Y,(6,,@)e™" o2)
e*ta(d) e™BER) e a@ e PR Y, (0.@)e™a@®) Y.(6;,@)e™" o3)
e*a(4) e p(4) e*"a(4) e B(4) Y,(0.0)e ™" a(d) Y,(6, @)e™" o4)
e*ta(®) e B e**a(d) e B(B) Y,(6.@me™ " ab5) Y.(6, @)e™" d5)
e*ta(6) e™*B(6) e a(6) e*"B(6) Y,(0ep)e"a(6) Y.(6:@)e™" ab)

—|BaaBaa | +Bapaaa | -4BBaaa |,

where |BaaBaa | etc. denote determinants with some a and S interchanged.

Resultsfor C (Z =6) and N* (Z =7) are given in the following table.

v a, a, a, a, a 2 E. % of exact
6 6.47 4.76 0.90+...i 0.90-...i 1.59 1.59 -37.5493 99.6
7 b e 99...

lonization energy is calculated as a difference between the minimum of five-electron energy
functiona and a minimum of six-electron energy functional.
Variationa ionization energy and its derivatives are shown on Fig. 26 - 28. Exponential

parameters a,, a,, a;, a,, &, 8 are shown on Fig. 29. lonization energy iszero at Z, =51 that is
larger than exact critical charge Z, <5. Actually, there is a secondary minimum (not shown on Fig.

26 - 28) that becomes a global minimum at Z <51 and goesto zero at Z — 5 (cf. with similar Fig.
4.1, 11, and 22).



