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The semiclassical quantization rules are corrected with allowance for barrier penetration. The
resulting equation determines both the position E, and the width I" of the quasistationary level. A
comparison 1s made with numerical solutions of the Schrédinger equation and with exactly
solvable models. The generalization of the Gamov formula for systems with separating variables
1s found. The possibility of generalizing the results obtained to the relativistic case is discussed.

The Bohr-Sommerfeld quantization rules determine
discrete energy spectra (see, e.g., Refs. 1 and 2). Integrals of
the form [pdx are taken over the classically allowed region
xo<x <X, {see Fig. 1 in Ref. 3), and it is assumed that the
behavior of the potential outside this region is unimportant.

At the same time, in many physical problems the poten-
t1al possesses a barrier, as a consequence of which the levels
are quasistationary (E = E, — {T'/2). In view of the expo-
nential increase of the Gamov wave function as ¥ — o the
nurmerical calculation of the position and width of the level
presents certain difficulties.

We shall consider this problem in the semiclassical ap-
proximation; this leads to analytical formutas that are valid
for an arbitrary smooth potential (see Sec. 1). An analysis of
these formulas 1s contained in Sec. 2, in which a generaliza-
tion of the well known Gamov formula to the case of systems
with separating variables is also given. In Sec. 3 we give a
comparison of this approximation with exact solutions of the
Schrodinger equation for several model potentials, and in
Sec. 4 we compare the approximation with numerical calcu-
lations for the Stark effect in a strong field. Section 5 ts devot-
ed to an analysis of the relativistic case (for the exampie of
spin-0 particles). Approximate analytical formulas for near-
threshold resonances, and also some details of the calcula-
tions, have been placed in the appendices.

1.GENERALIZATION OF THE BOHR-SOMMERFELD
QUANTIZATION RULES

Near the top of the barrier {x =~ x_ ) we use the parabol-
ic approximation:
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where p=(x—x,)/&, and &,= (#/mw)’* and
@=[—U"(x,)]"* are the amplitude and frequency of
the zero-point oscillations of the particie about the point of
(unstable) equilibrium; below, fi = m = 1. The Schridinger
eguation then has the exact solution

${x} =const Dy, (pe=™"'), (1.2)

which satisfies the radiation condition [ D, (z) is a parabolic-
cylinder function*]. To the left of the barrier (p <0,|p| > a)
this function joins with the semiciassical solution
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¢{x)=const -[p(z)] " sin"F H{:c:)—}'-f}) 0= j pdz.

(1.2")

As usual, the quantization condition arises from the require-
ment that the phases of the functions (1.2) and (1.2") coin-
cide (modulo n7) in the region of overlap a < |p|€x /£,
which always exists for Iarge ». Using the asymptotic form of
the function 2, {z) for z — «, we obtain (see also Refs. 5 and
6)

Iy

J_QP{I,E)dI=(N+ ;)n, N=nu~n§;tp(cz], (1.3

tp{a}=§!£—ln{f“(%—+iﬂ)/
IF(—;——m){i‘-{*ﬁ"‘““}l}-i-:z(i—-lna}, (1.4)

m__.,ri::j (—p*)" dz, {1.5).

where 1 = (,1,2,..., I' (2} is the gamma function, x, < x < x,
is the sub-barrier region, and the notation is as in Fig. 1 of
Ref. 3. Here the parameter g, which for a parabolic barrier is
defined 1n (1.1), is written in a more general form applicable
for an arbitrary smooth potential U(x) satisfying the condi-
tions of apphicability of the semiclassical approximation. For
quasistationary states this parameter is complex, as are the
turning points x, ,.

In the simplest cases the integral (1.5) can be calculat-
ed explicitly so that its analytic continuation does not pres-

-ent difficulties. For an arbitrary potential the values of ¢ for

complex values of E can be found numerically, and, together
with Eq. (1.3), determine the spectrum of the quasistation-
ary states.

For multidimensional problems with separable vari-
ables g,,...,g, (f is the number of degrees of freedom) the
gquantization conditions have the form

o’
S Piin=(Ni ‘1"‘;")“*

a”

{1.6)
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Here ¢!®" are the turning points bounding the classically

accessible regions of motion along the corresponding coordi-
nates, and p, is the semiclassical momentum [see (2.4) be-
low]. Here, 1n (1.6),

1
Ni=n, _"'_'“q]'{ﬂ'i}r

(1.7)
2

holds if tunneling along the coordinate ¢, ts possible (an
“open channel”); otherwise, we have g, = « and ¥, = n,
=(,1,... . The solution of this system of equations deter-
mines the energy £= E, —iI'/2 and the separation con-
stants B;, which are also complex.

2. ANALYSIS OF THE BASICEQUATIONS

Equations (1.3) and (1.6) give the generalization of the
Bohr-Sommerfeld quantization rules to the case of poten-
tials with a barrier. We list some consequences.

a} The case a®» 1 corresponds to small barrier penetra-
bility. Taking into account the expansion (@— + oo )

pla)= ! + ! -+ +Le‘=““,

L (2.13
24a  2880a° 2

which follows from (1.4}, and [in a spherically symmetric
problem with potential ¥{r}] taking the radial momentum:
to be equal to

pr={21E,—iF2—U(r) 1}, UG =V{r)+(+1:)42,

we obtain from (1.3) the Gamov formula for the width of a
quasistationary state:

T

I’=T“‘ﬁxp(—2_( |p{r)|dr), =ZI%,

Fy

(2.2)

where T is the period of the radial oscillations of the particle
inside the well (7, < r < r,}. Thus, Eq. {1.3) leads to correct
results not only for smail a, when the parabolic approxima-
tion is valid, but also in the opposite case 2 € 1. Therefore, 1t
may be expected that for intermediate values a~ 1 as well it
will give a correct interpolation of the exact solution. Later
we shall see that this is so (see Secs. 3 and 4 below).

b) We shall consider Egs. (1.6) in the case when the
penetration of the barrier is exponentially small. In this case
the tunneling occurs in practice along one particular coordi-
nate,” e.g., g, In this case for the width I’ we obtain

I=c?; ' exp(—2nay), (2.3)
where
‘ (1)
—~1
NN o 9
“={“(1T2ﬁi)} » 1 ZS py
=it q;ﬂ}
pi={2[mE——U{{q)]}’“, Ui(?]'”“i(ﬁ')‘*‘ﬂﬂ’i{’!)r (2.4)

in which the 8, are the separation constants 3/ _ , 8, = const,
and the 7, denote averages over the semiclassical wave func-
tion:

1} {1]

. : (9)
'”i:S L;igq) sl pi(tﬂ

l'.
o

44

(2.5)
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To obtain these formulas one must substitute
E=Er_l-11}2, ﬂi=ﬁ'i’+iﬂi"

into (1.6), and, assuming the width I' and £ ' to be exponen-
tially small, expand ail the integrals in them (details of the
calculations can be found in Ref. 7).

We note that Eq. (2.4) does not specify the most gen-
eral case of separation of variables, but it applies to many
physically interesting problems. For example, the Schré-
dinger equation for the hydrogen atom in 2 uniform electric
field & admits separation of variables in the parabolic co-
ordinates £ =r 4+ z, 7 = r — z, p{0< @< 27), with'

&
m 1 24

1 == 3
(g} 8¢ 8 (2.6)

vi{g)=v.(@)=—1/2¢, a="

(here g = £ or i7).
Another example is the nonrelativistic two-center prob-
1.8

By B2 1 .

va(n)=—"7", E=Z“R,

E’1+5==01

(2.7}

where £ and # are elliptic coordinates:

E=(r,+r) /R, n=(ri—r}/R,

and R is the distance between the fixed centers (nucle1).
From the examples given the origin of the constant a in
{2.4) is clear; its numerical value depends on the spectfic
problem and is determined in the process of the separation of
variables.

The multidimensional problem differs from the one-di-
mensional problem in the factor ¢ that appears in the pre-
exponential factor in (2.3); the factor ¢ takes into account,
as it were, the change in the frequency of collisions of the
particle with the barrier wall (g, = ¢}'’) as a consequence of
its motion along the other coordinates g¢; (i f). Below we
shalil see that this factor can differ substantially from unity.
If f=1, (2.3) goes over into the usual Gamov formula

2.2).
{ 3:) The preceding formulas can be made more precise by
including in the analysis a correction of order #° to the usual
semiclassical approximation.*>'® In the case the phase 8 in
(1.2) 15 equal to

4 1r}dr (2.8)

1 1 p
H — { _]__ iy
(" {p L g
(here, p’ = dp/dr), and from the exact solution (1.2) for
T = -- p¥» |a| we obtain
i a. T

L S
Ei(;rf')—zt 1 Zlna

+2—1 {pla)—a]+ —%—( ¢’ — i—) 0 (). (2.9)

Using for the momentum p(r) the parabolic approximation
(1.1) and calculating the integrals appearing in #(#), we can
convince ourselves that the expressions (2.8) and {2.9) can
be joined. We then arrive again at the quantization condition
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{1.3), in which, however, the function (1.4} is replaced by
P2l

P {2} = (a)—1/24a. (2.10)

Comparison with (2.1} shows that from @(a) we subtract
the first term of its asymptotic expansion for a— «. As is
well known, the formal parameter # of the semiclassical
approximation (for the energy) goes over in the final formu-
tas into 1/n®. Since @,(a) = O{(a~?), the replacement
@ —@,1n (1.3) ensures that the resonance energy is calculat-
ed to terms of order n %,

In the same way, it is possible to take into account also
the next corrections to the semiclassical approximation, %2
but the calculations become considerably more complicated.
It is evident that allowance for corrections up to #°* inclu-

sive leads to the quantization condition (1.3) with a function
!

Px{a)=0p(a)— 2 gya = =1 (2.11)

Prmi
where
c;=(— 1)~ (1-2="= 1) By{2§ (2j—1)

are the coeflicients of the asymptotic sertes (2.1) and B, are
the Bernoulli numbers.* Since ¢, (a) = O(a— ¥~ V) for
a — oo, the accuracy of the calculation of the resonance ener-
gy E, 1s then increased to » —** (approximations corre-
sponding to functions @, () with X > 2 are not considered
further in this article).

d) The function @(2) has singularities at the points
a=a, = (k+ 1) (k=0,1,..) in the upper half-plane:

¢({a)=iln{a—a}+0 (1), (2.12)

ad=,,

which correspond to poles of the scattering amplitude for
scattering by the parabolic barrier U(x) = — 1la”x”. Here,

a pole in the scattering amplitude corresponds to a logarith-
mic singularity of the function @(a), since the latter is di-
rectly related to the phase shift.

¢) If the energy of the level approaches the top of the
barnier, the quantization integral

I

= SP{I,E)dz

Zo

has a logarithmic singularity:

I{ﬂ] =Iu+1fgﬂ lﬂ ﬂ—fjﬂ'l‘fzﬂz"{‘. " n ﬂ-"""D, (2'13)
where’
Iy= jﬁ dz,
% (2.14)
1 -
1= [4+In 20—z + | da {2 - ),
2 2 P Tm—z

in whichw={ - U"(x,)]"* and p = p(x,E = U,,) and
X, are the semiclassical momentum and turning point for
E = U_ [wenotethatX, = x,, ius the point of the maximum
of the potential U(x}]. Since p(x) = w|x — x,,, | for x—-x,,,
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the poles in the integrand of {2.14) cancel completely and
the integral converges.

For resonance levels in the neighborhood of E<~ U we
can obtain the following formulas (see Appendix A):

Eo=U+2ne

L"-I—n:fé (H—n.)+ R I

I'n In2 + 2n?
@ L LA+nif4

| (2.15)
(n—n)+...

Here,

L=(lnn.+k}y>1, k=C+In16n=450, C=0577...,

and n = n. corresponds to the number of the level at the
point at which it intersects the boundary Re E= U, ..
Hence, for the ratio n, = I',/AE, we obtain

n,,=I‘,,( dE,,)-*I _In2

dn — T

[1+0 (L-}]. (2.16)

This relation is asymptotically exact (n - « } for an arbi-
trary potential. Thus, when Re E = I/, the resonances still
donotoverlap: v, = (In 2}/27 = 0.1103. Hence in the re-
gion of energies E> U,, as well several sub-barrier reson-
ances can be observed (although their widths increase rapid-
ly with increase of E; see Eq. (A8) in Appendix A).

f) The main parameter of this theory is a; see (1.5). In
the parabolic approximation we have a=.J, but this is valid,
generally speaking, only for smalla [here, J= (U, — E)/w
15 an adiabatic invariant for a harmonic oscillator with fre-
quency @ |. The next terms of the expansion of a(J) in pow-
ers of J can be found by taking into account that

X

da(l) o . B
= S [2(U (z)—E)]%dz, a(0)=0,

X

and using the Newcomb-Lindstedt formula for the period of
the oscillations of an anharmonic oscillator.’® Finally we
obtain

g=J+e. et L.,
c;=—" (u— ),
ey=—>/{( ﬂa**hﬂaHl—"hﬂf'f'“hﬂzuf—"“;"m.ui‘} ;

(2.17)

where u, are the coefficients in the expansion of U(x) about
the point of the maximum:

U{z)=U.—0 (x—z,)  [1+o,pFupitup’t ... ],

and p = {x — x,,)/&, = ©'*(x — x,,) is the dimensionless
coordinate.
As an example we consider

& 1

=5 p_ i Lo .
U)="or =gy o'r, (2.18)
This potential has a maximum at r=r,,:
g - { [ g ]mz-ul
e | (2—a) 2= v U= —] (2—a) 2
r [( ) m=] U= -] (2-a) ,

with U " (r,,} = - w*for ang and a. For energies E close to
U,,, we have
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7 a== P {AF (U~ EYaUn}*} +0 (Un—E},

(2.19)
a=J—(a—1) (¢+2) bl*+0 (),

where

b= idtal/(2—=) [ (2__*.1) §= ] —~2/{2=a} 2=}

For E= U_ the two turning points r,, collide, and for
E~ U_ they emerge into the compiex plane. |

As can be seen from (2.19), the coefficient of J * vanish-
es fora = 1ora = — 2. These values of & in (2.18) corre-
spond to exactly solvable models, which are considered in
the next subsection. Here, all the subsequent coefficients of
the expansion (2.17) are identically equal to zero, i.e,
a(J)=J for all E> U, . This implies that for the potential
U_ — U(x) the period T of the oscillations does not depend
on the amplitude. In particular, this property is possessed by
the potential

@’r,

_ &g 1
Uir)= 52 + 3 (2.20)

for which T = 27/ irrespective of the values of £ and g.

g) We make a comment concerning the relationship of
Eqs. (1.3) and (2.1) to the results of previous authors. The
influence of barrier penetration on the semiclassical quanti-
zation rules has been considered previously by Rice and
Good,'* Connor,® Drukarev,® and Kondratovich and Os-
trovskii. !> The expressions obtained in Refs. 6 and 15 for the
correction to the quantization rule correspond to the func-
tion

g(a)=arg ['{'/,+ia) +a(1-Ina},

which is practically the same as (1.4} if @ 1s real and a3 1,
i.e., if the penetration of the barrier is small. However, this
approximation determines only the shift and not the width of
the level {to obtain Egs. (2.2) and (2.3) it is necessary to
take Im @(a) into account]. As the energy of the level ap-
proaches the top of the barrier, when |a| % 1, this approxima-
tion loses it validity. A formula equivalent to (1.5) was ob-
tained by Connor.> We note that in the papers indicated
above there was no consideration of the solution of Eq. (1.3)
for above-barrier resonances, when the parameter a is com-
plex, and the correction of order # to the semiclassical ap-
proximation was also not taken into account.

The theory of the penetration of multidimensional po-
tential barriers without the assumption of spherical symme-
try has been stimulating considerably interest recently.
Usually, separation of variables is not assumed in tiis case,
and the penetration of the barrier is assumed to be small. In
this case the problem reduces to the determination of the
most probable sub-barrier trajectory, as has been demon-
strated for the example of the two-dimensional anisotropic
anharmonic oscillator'® (see also Refs. 17 and 18). It is evi-
dent that (for potentials with separable variables) Eq. (2.3)
can be obtained in this way, although this result is not con-
tained in the papers indicated above. For a specific problem
(the Stark effect in the hydrogen atom, f = 2} such a formu-
la was obtained in Ref. 19.

The quantization rules (1.3) and (1.6) can have var-
ious physical applications. We turn to the consideration of
some examples.
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3.EXACTLY SOLVABLE MODELS

First of al], we consider several potentials with spheri-
cal symmetry, for which the Schrédinger equation can be
solved analytically.

1) The rectangular barrier:

U7, L<r<L+H,

Vi = 0, O=<r<<L or

r>R+L.

We have the following equation for the energy E of the quasi-
stationary states:

(x—ik) (n+ketg kL)
(n+ik) (n—kctg kLY

wherel = 0,k2=2E, 3> =2(U, — E), k* + »* =2Uyand
fi= 1.
Assuming exp{ — 2%R) €1, from this we obtain

AE, _ 4s(1=2e) ..

e~ (3.1)

20,21

E, {+%. L (3.2)
r _ 16e"(1—e)" g~ TR
Eg 1+RﬂL '

where ¢ = (U, — E;}/Us(0 <& <1), E =E, +AE,

— iT'/2, and the values of x, and E, = k5/2 are calculated
with neglect of the penetrability of the barrier, i.e., kocot koL
— — x,. Since the coefficient of transmission through a
rectangular barrier is equal to'

&itu®

D= .
(K*H")sh® wR+4K5%%*

= 16e (1 —g)e ¥F+0 (=),

and the period of the oscillations is 7= 2L /&, we have

. ol
1+ HﬂL

r T-1D+0(D?), (3.3)
which coincides with the Gamov formula for L3 1/x,. The
difference from (2.2) in the pre-exponential factor is due to
the fact that the potential under consideration is not smooth.
Note that the level shift AE, is exponentially small, and
changes sign at £ = 4 (i.e, at E, = Uy).

2) The parabolic barrier (/ = 0):
Vir)=—"0'(r—1)% O0<r<es. (3.4)

The substitution x = (2w)%e~"™*(# - R) brings the
Schridinger equation to the standard form

s
v+ —— =],
dx* ¥ 2 4 2

wherev= — (1/2 + ig) anda = — E /. The spectrum of
quasistationary states is determined from the condition of
regularity at zero: y(0) =0, whence

D, (—2%e~"'s)=0, (3.5)

wheres = »'/2R. Assumingn® 1and |E | €1/20*R *,and us-
ing the asymptotic form of the parabolic-cylinder func-
tions,! from the exact equation (3.5} we obtain

3.3-
s*-a(ln—+ 1+ 1n 2)-]-:]:(:1):2:1 (n—1'/.). (3.6)

L

On the other hand, in this case
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L]

J.p dr="1/50(g),

a

wheree = — E/V, = 2a/5° and

Tu."""D'., o= ('1"‘5”’],

d(e)=(1—e)"—earth(1—-e)*

_ { {+.elne—("/otln 2)e+1/ 24 ..., 8—0,
B —e) R0 ((1—e)Y), 21,

The usual Bohr-Sommerfeld quantization condition
and the Gamov formula take the following form:

@ (e)=2n(n-"1), n=1.2 .., (3.7)

I'='/ywiarth (1—&)*]~" exp (~—ns%). (3.8)

Equation {3.5) can be rewritten in the following form:

, 5 -t I{I; --is“)
4

=(2=)-"T (—1*+i¢1 )ex {—1- 1’3

A 2 P17

H[s*—a In 233—2::(11—21—)]}‘ (3.9)

which is convenient for numerical calculation. Here the ra-
tio of hypergeometric functions ./, has been replaced by a
Padé approximant [N /N], and this, for N = 5, already en-
sures an accuracy of the order of 10 ~ ® in the calculation of
the energy. The results of the calculation are collected in
Table I. Wniting the potential (3.4} in the standard form

£ viz), x=

r
V{r}=_" ER: Fr

we have

vizy=(1—z)8(1—2), g=w'Ri=s',

where g is the dimensionless coupling constant, We have
denoted by g, that value of the coupling constant for which
the level “touches” the top of the barrier (i.e.,
Re £, = U, =0). In the first two columns of Table I we
give the ratios g, /g, and g, /g,, which characterize the ac-
curacy of the semiclassical approximation. Here,
g,(sn) =4 (n—1/4)* is the value that follows (for
£=0) from (3.7), and £, is the value that follows from
(3.6), including the function @(a). It can be seen that g,
and 2., approach the exact values g, from opposite sides, and
that, starting from » = 2, the g, have a higher accuracy than
the g,. Thus, allowance for the penetration of the barrier
considerably improves the accuracy of the semiclassical ap-
proximation.
Table I also contains the “reduced” widths

Tn=[Taf2{n—/) ®] jumsn (3.10)

and the quantities §, = %, /¥, — 1 (7, have been calculated
using the exact equation (3.9}, and ¥, have been calculated
from (3.6)]. As follows from Table I, the semiclassical
equation (3.6), obtained under the condition n% 1, also re-

mains applicable for small quantum numbers, inciuding the
ground state.” The introduction of the correction for the
penetration of the barrier makes it possible to calculate both
the position and the width of the resonance level, and in a
wide range of energies.

We have also checked that the asymptotic relation
(2.16) is fulfilled. The derivative dE, /dn at n = n. was re-
placed by 1/2 Re {E,_ ,(R*) —E,_,(R™)}, where the
value R ¥ 1s determined from the condition Re E_(R *) = 0.
Although n, tends to the limit %7 _ rather slowly, the form of
the expansion (2.16) is fully confirmed (in view of the large
numerical value of the constant X it is necessary to incorpo-
rate it in the expansion parameter L ~?).

}) For

et 1

Vir)=———F5—— %",

o TG (3.11)

it is possible to find the exact solution for arbitrary angular
momentum /. The effective potential U, including the centri-
fugal energy, has the same form, but with the replacement

TABLE I
Ty Ecl"rgn Eci"rgn L ﬁﬂ-
0 1,020 150 0,967 219 1,0380 {—1 1,299 (—2)
i 1,012 BB2 0,983 747 3, 7837 (—2) 2,316 (—31
2 1,008 655 0,987 462 2,2234 {2} 5,885 (—4)
3 {1,006 418 0,988 636 1,0484 {—2) 4,579 [ —4)
4 1,005 058 0,999 151 1,1770 {—2 2,760 { —4)
3] 1,004 155 0,909 421 §,4392 {—3) 1,833 (—4)
16 1,002 142 {,999 835 4, 6068 (3} 4,890 {—3}
20 1,001 049 (0,999 956 2 1848 (—3) 1,185 (—5)
30 1,000 681 (¢,999 980 1,4032 (—3) 5,14 {(—6)
40 1,000 500 0,999 989 1,0235 (—3 2,83 (—6)
50 1,000 393 G,99% 0928 8,0092 (—4 1,78 (—8)
100 1,000 185 0,999 9981 3.1374 (—4) 4.2 (1)
200 1,000 0BT 0,999 9995 1,7462 [—4] 0.3(—8)

Note, The figures in brackets denote the order of the number, i.e. ( — £)=1) —*. The reduced
widths ¥, correspond to the coupling constant g = g, at which, in the potential {3.4), an #5level
appears (i.¢., Re E, = 0). The quantities &, = ¥, /¥, — I determine the error in the semiclassi-
¢al equation (3.6) for the widih of the level,

13
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a—+g=[a®-{I+1,)?]". (3.12)

If a>1+ 4 (the condition for “collapse to the center’”?),

the potential U/(#) possesses a barrier. Let us consider this
case.

Cutting off U(r) at some r = r,€r,, we obtain

JP dr = %* (ln :—“ - i) — gQu(8) T '=(n—"/}x,

where

ra=(2g/@}*, r,=r.! (e+1)%Feg™],
#, are the turning points, £ = (£ — U )20, (>0 for
< Um! since Um = - —i—gﬂ]{ﬂ),

Qie)=1{e+ DNine+ 1} —e lne],

and the phase 9’ (which is independent of the energy) is the
contribution from the region 0 < r <r,.

As usual in problems with collapse to the center, to
eliminate the dependence of the spectrum on the region of

short distances it is convenient to fix the energy of one of the -

levels (n = n;,). This leads to the quantization condition

Qct(ﬁn)“"ocrfﬂu}:—"nﬂfﬁ, (3.13)

(n=0, + 1, ...). From this, in the case £3 1, we obtain

E.=F exp{—2nn/g), (3.14)

which is characteristic®® for an attractive potential
U« — 1/r* (near the top of the barrier this approximation is
inapplicable). In the given case,

Un—E

ﬂ=gg —— o »

T=p*In(1+s"*)
and the Gamov formula takes the form

Fo=wb,e=*" b =[ ln( 1 +iﬂ)]-t=[ ln( 1 +~1—)]mt+

i

(3.15)

Let us compare these results with the exact solution.
The substitution

(=t w(E), E=—thior

brings the Schrédinger equation to the form

d-aw { 1 E 14e®—(I+'/,)°
adiedNR SIS Y
a5t raiie- 457 }

—_—
—

L

whence

x:(r)=const "W, (L), (3.16)

where W, , is the Whitaker function, with x = iE /& and

# = ig/2. This solution corresponds to a quasistationary
state, since, for »— e,

Yiir) < cxp(% wr' + 2x1n r)ucexp(f va a‘r)
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{the radiation condition). For ¢ > 1 + } the wave function
oscillates for r— 0

%0({T)=const £* (A 9+ Bg%*),

(3.17)
A=T{ig) [T} +ig(e+1)),

B=T(—ig){T (s t+ige),

and the boundary condition y,(0) = 0 does not determine
the energy spectrum, since it is fulfilled for arbitrary &,

Following Ref. 23, to obtain the quantization condition
we impose the requirement that the wave functions corre-
sponding to the energy E, and to a certain (fixed) energy £,
be mutually orthogonal. It follows directly from the Schro-
dinger equation that

(En—Eu) | toto dr

i k ’ F a0 ¥ dIr
=t(——2"'[ﬂl§) (qun_ﬁn 1“}10 R #EE_*

As R o the right-hand side vanishes, since

E% (o0 s —n o £ £ t%—te=tac r axp (1 i0r?)
}-=“‘1+1{EH+E1]JJFEI.

On the other hand,
E% (%o %n—%n %o) lsmo=const {4,B,—4.B.).

When (3.17) is taken into account the orthogenality condi-
tion takes the previous form (3.13) if in place of O, (g) we
substitute

1 I'(*,+ig(et+i))

= 1
Qle, ) 21‘311 L'{!/.+ige)

(3.18)

Thus, we have obtained the exact quantization condition for
the potential (3.11).

For g3 1, we can use the asymptotic expansion for In
I'(z + 1/2), which gives

1 - J{e*+e)+1
48g*(e*+te) 5760g" (e*+e)’

Qe g)=0Qu{e)tc—

{3.19}

where c = ¢(g) is a constant that does not depend on £ and se
is important in (3.13). The quantum corrections to the
Bohr—-Sommerfeld quantization rule [the third and fourth
termsin the nght-hand side of (3.19) ] increase without lim-
it as £ — 0, and therefore Eq. {3.13) is not applicable near the
top of the barrier. Allowance for the correction for the pene-
tration of the barrier reduces to the replacement

Qu—~Q@=0.—q(a) /2g.
Then

i +
48g% (e+1)
In this case the quantum correction remains bounded for all

£>0 (or EQU,, }, and therefore Eq. (3.13), with @, re-
placed by Q, can be used for Ex U, as well. This is the

(3.19)

Q(e, g)=0+c+
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advantage of (1.3) in comparison with the usual Bohr-Som-
merfeld quantization rule.

If we substitute ¢ = a, + (T, /20 into (3.18) and as-
sume I", €wa,, itis not difficult to obtain a refinement of the
Gamov formula. As we should expect, this differs from
(3.15}) only in the pre-exponential factor:

1-p,*

bn=[1n Bn + ———+ O{a*) ]qif

S (3.20)

where B, =1+ g/a =1+ ¢ (in the sub-barrier region,

B, >1).
4) For the potential
2
Vi=— 2t 5 e+l
r a

2

(3.21)

the exact solution can also be expressed in terms of the Whi-
taker function:

o (ry=const W, . (2hr), wn=—L/A, p,.zig, (3.22)

where A = ( — 2E) "2 and g has the previous value (3.12).
The wave function corresponding to a quasistationary state
is obtained from this with A = — jk. We arrive at the follow-
ing equation for the spectrum of the quasistationary states:

L (/o it T T (Voti(Ch ' —g)) _ ( Ko ) g
Ltk —gN) T +iltk +g))  Vk, !

(3.23)

which can also be written in the form (3.13) if we replace the
function Q,, (£) by O:

@{k,g}=1nk+—2£—1£-ln{f'(2i+i(%+g))/

r{+i(- )} .

with & = (2F)"% The given potential can be considered
without difficulty in the semiclassical approximation. In
particular, here

(3.24)

o=l {1ke")"",

=gl Unmti2g,
=gl (—e)—1)=2n,[{1- L) " 1],

0

(3.25)

2 |
T = T [arth{1—e)*—{1—g)"],

where £ = (U, — E)/U,, (the quasistationary levels Jie at

O<e«l), and J, = g/2 is the value of the invariant J at
E = 0. Hence, for E- U,
3 5

N=l+-—7 =
alJf) J+4Ju +8.f.’; +...,

(3.26)
F=g-! [ln—é—-— 2 —In2)+.. ]

(@ = £2/g/*). On the other hand,
g {tl —J/J) 2= = as E-0,
and, therefore, the barrier penetration and the width I" van-
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ish, and for £ > 1 the spectrum is discrete.

In the latter two examples we have obtained for the
quasistationary states comparatively simple analytical soly-
tions, which, however, so far as we know, have not been
considered in the literature. It is evident that this is due to
the coliapse to the center that occurs in such potentials, We
note that Egs. (3.18) and (3.23) cannot be obtained by ana-
Iytic continuation of the known'® solutions for the discrete
spectrem. In fact, the latter follow from the condition of
regulanty of the wave function at zero (4, =0), whereas
the spectrum of the quasistationary levels is determined
from the condition 4, /B, = A,/B,, where 4 and B are the
coefficients for r~0: see (3.17).

4. STARKEFFECT IN A STRONG FIELD: CONDITIONS FOR
APPLICABILITY OF THE GAMOY FORMULA

Weapply the quantization condition (1.3) to the calcu-
lation of the Stark effect in a strong field.” Here the energy of
the level can be close to the top of the barrier or even above
the top (sub-barrier and above-barrier resonances, respec-
tively). Below we use atomic units (#=¢e=m_ = 1) and
reduced variables .

E=I2ﬂ=E{“'H=M}=E,“‘iB”, Err=n2P{n1n,ﬂﬂ!

(4.1)
F=n'¥,

p=mfn,

where E'™"™ = E, — iT/2 is the energy of the guasista-
tionary state jn,n,m), & is the electric-field intensity in
atomic units m; /%' = 5.142X 10° V/em, n,, n,, and m are
parabolic quantum numbers (m»0), and
#=n;+n,+m-+11s the principal quantum number of
the level,

Among all the sublevels |#,n,m} with a given » the
states of greatest interest from the experimental point of
view are the states |7 — 1,0,0) and those close to them in
their quantum numbers, as these are the most stable. Such
states are manifested®**** as peaks in the photo-ionization
cross sections of atoms near the energy E = 0 (the ionization
limit in the absence of an external field ).

For the states with m = 0 in the hydrogen atom the
integrals in the quantization conditions can be calculated
analytically (see Appendix B). As a result we arrive at Egs.
(B10), in which®

viu(n,+ m;-1 )/n, v,=[n=+m+1,—21n q::(u}]/ n,

2
(4.2)
.
u-*nl;[ (~piyrdn =222 I % (4-Butw—a)"
(4.3)
-whe.re
A=p*Fl(—e)®, B=z,/4=p,&/E"

Py, 1s the semiclassical momentum for the coordinate %, and
71, are the turning points {(p =r —z= — n’zu/F, £ <0).
Form =0wehaveu,, = 1/2[1L (1 — z,)"?], so that the
barrierin U,(7) vanishes at z, = 1 [which is a singular point
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for the hypergeometric functions appearing in (B10)]. For
m & n we obtain from (4.3)

n{—e)"
= Tz : lra i;z; 1—-
T (2 F (4 25 -5)
P F O 4 1m0 f (48)
—e

Thus, all the quantities appearing in the quantization condi-
tions have been calculated explicitly in terms of the hyper-
geometric functions F(...; z)=,F,(...; z). Therefore, the
procedure for analytic continuation to arbitrary complex

values of ¢, #,, and £, does not present difficulties in the
present case,

In solving the system (B10) numerically it is possible
either to discard the terms « F /81 or to solve the complete
systemn of equations (we call these two variants of the calen-
lation the 1/n and 1/n* approximations, respectively). We
have calculated £, and T for various states |n n,m) of the
hydrogen atom, using these equations and also an indepen-
dent method—summation of the divergent perturbation-
theory series in powers of & by means of Padé-Hermite ap-
proximants { PHA ): for details of the latter method, see Ref.
21. We give some results.

We consider first the positions of the Stark resonances
|7,,0,0) with n, =n — 1. Table IT gives the values of

— £, = —2n’E "~ 1% for n = 20 (analogous results have
also been obtained for # = 10 and n = 50). It can be seen
that the effect of barrier penetration on the position E, of the
resonance is not great [¢compare rows (a) and (b) for the
same F], although with increase of the field it increases
slightly (the PHA method is very accurate in the weak-field
region, but for F2 0.3 it already has a lower accuracy than
the semiclassical equations).

The corresponding results for the imaginary part of the

n
803

ao2

H

0 | 1
02 £ 03 04 F

FIG. 1. Reduced width ¢ = #’T", for the |9,0,0) with n = 10. Curve &
1/n approximation withowt allowance for barrier penetration, i.e.,
¢(a) —-0; curve &: 1/ approximation with allowance for barrier penetra-
tion [see {4.2)]; curve e: result of the PHA method (Ref. 21); curve &
1/n approximation improved as in {4.7).

experiment, in most cases we can confine ourselves to the
1/n approximation.

Wenote that this approximation has entirely acceptabie
accuracy even for small #. For example, from (4.3) and
(b.10} it is not difficult to obtain an approxirmate asymptotic

form f( & ) of the width of a level in a weak field:
Pirmn (F) = const-F-Omt1 ayp (—2n/3F) . (4.5)

It differs from the exact! asymptotic form T{ %) for @ -0
only by a numerical factor close to unity:

¢nergy are given in Fig. 1. It follows from this figure that the fremam (@) T (&Y = (n,) Ry m) | (4.6)
penetration correction to the width of the levels is very im-
portant in the region F S F. , but with further increase of Fits ~ Wiere
role is reduced. For 720, with an accuracy sufficient for @ (2)=(2n) " (x+1) [ (22+1) /2]~
TABLE II. Pasition of the Stark resonance |19,0,0} in an electric field #°.
F e g i/n 1/n3 PHA
0,10 fa) 0,72 994 0,73 ﬂgg 0,7300
(a) 0,48 280 ,48 3
0,20 {{b} 0°48 301 g_gg ggg 0,4831
(a} 0,36 628 ,
0,25 (bl o'36 672 0,36 695 0,367
(a) 0,25 489 0,25 656
0,30 (it} 025 61 0,25 663 2,256
. (a} 0,1502 0,
0,35 {tbY 0149 01488 0,149
(a} 10,0432 0,042
0,40 {{h} 0. 0421 0.0413 0,042
0,46 (a) —0,0643 —0,(625 —0,065
0,50 (a) --0,1718 —0,1727 —0,173
0,60 (a) —0,3842 —0,3855 — 0,386
0,70 (a) —0,5923 —0,5936 0,596
1,00 (a) —1,1896 11,1907 —1,19
Note. The table gives the reduced energies — &2, taken with the opposite sign. (a) indicates the
calculations using Egs. (B10) without barrier penetration [i.e., we set ¢(a)=0]; (b} indicates
the calculations with allowance for barrier penetration.
16 Sov. Phys, JETP 73 {1), July 1931 Pooov at 3/ 165



In particular, I'/T" = e/7 = 0.865 in the case of the ground
leve, T/I'=094 for the state [0,1,00),
L/T = (e/m)**(1 — 1/24n + ...} for the states [0,0,n — 1)
currespunding_ to circular electron orbits, and so on. The
difference of I from T is connected with the fact that the
semiclassical approximation is not applicable for small
quanturn numbers. Nevertheless, for all »,, n,, and m the
dependence of I and I on the field is the same.

The semiclassical approximation can be tmproved in
such a way that in the weak-field region the width of the
levels coincides with the exact asymptotic form. For this it is
suffictent to introduce a correction to the parameter a (a
correction that depends on the quantum numbers of the state
but does not depend on &):

a—+~a—Ag,
(4.7)
Ag=a(n,)To(n,Tm),
where a(x) = — (1/27) In w(x). This correction is nu-

merically very small: @(0) =0.0115, a(1) = 0.0043, and
a(x)= (487x) “'forxe 1. It is interesting to note that

w(x)={(il2nyp (~i(z+.)), {(4.8)

where g is the function introduced in {1.4),

We note first of all that the PHA have high accuracy
(~10~° ~ 10~ ° for the energies of the levels) for F<0.3.
Therefore, in the region F < 0.4 curve ¢ coincides, to within
the accuracy of the figure, with the exact solution. For curve
@ at F < F. we have® T'=0, and this is a defect of this ap-
proximation. Allowance for the penetration of the barrier
removes this defect, while the introduction of the correction
(4.7) not only restores the correct asymptotic form I'(#)
for & —0 but also l=ads to results that practically coincide
with those obtained by the PHA method.

TABLE III. Stark resonance |0,1,0} in the hydrogen atom.

A detailed comparison of the various approximations is
contained in Table III, which pertains to the state |0,1,0),
for which, with increase of the field, the resonance energy E,
decreases monotonically and the width I' increases. Here we
have given the results of the 1/# and 1/#? approximations
and the PHA method; some results have been taken from the
recent paper by Telnov.”® The agreement between the differ-
ent calculations is good. We note the following:

1) The position E, of the resonance is calculated in the
1/n and 1/n* approximations more accurately than is the
width I'. As already noted above, for F< F. these approxi-
mations without the correction ¢(2) do not determine the
width of a level.

2) Although the semiclassical approximation is valid,
generally speaking, for n% 1, its region of applicability is
“stretched out” to small guantum numbers.

3) In very strong fields (F2 1) the quantities £, and T
can be calculated without allowance for the penetration,
especially in the 1/n* approximation (this tendency is no-
ticeable even in Fig. 1). Thus, analytic continuation of the
Bohr-Sommerfeld quantization conditions into the above-
barrier region makes it possible to calculate both the position
and the width of a quasistationary level. |

The equations {B10) can be generalized to the Rydberg
states of an arbitrary atom.'>*! They have already been ap-
plied to the calculation of the Stark resonances in the atoms
H, Na, and Rb, and good agreement with the experimental
photo-ionization spectra has been obtained.

We turn to the question of the region of applicability of
the Gamov formula. The period T of the oscillations tends to
infinity as £ {/_, and therefore the Gamov formula ceases
to work near the top of the barrier. For the model (3.11),
comparing Eqgs. {3.15) and (3.20) we find this condition in
the form @' % [24 1n (1/£)] ~!, which excludes only a nar-
row region of energies near the top of the barrier (compare

(&) = Er Iz (Fy - E, T2
| {a} 0, 13505 — (&) 0,243 6,01 (—2)
~ 0,03 -
3,125 (— (a) 0,13540 1,58 (—8) ’ (a) 0,239 5,87 (—2)
’{ﬂ?{ga}a} 1(b} 0,135270 — {0, 48) (c) 0240 B.01 (—2)
(by ,135275 | 1,61 (—8) (e) U241 3,982(—2)
{cy 0,135276 | 1,72 (—8) {a) 0,2937 0,124
{a} 0,14184 — {S*SS, ’{a} 0,208 0,121
a) (0,14275 4,956 {—5 ’ (h} 0,2943 0,
5,03 (—3) th) 0734251 G| (e) U,2860 U,1232
9,08) (b} 0,142606 | 4,949 (—5) || , , () 0. e 0,278
(¢} 0,142619 | 5 297 ' (b} 3097 02031
() U.142619 | 52972 (1,6} (e) 0, ,288
. (a} 0,5021 0,547
(3) 0,166684 | 5,28(—3) | 0,2 {{h} 0’5120 0,566
' — : g} 0.5 .
0.01 EE; 0,162654 (3,2) (e} 05107 E 3;?
0,16 0,6600 :
{U, 14} |{n} 0,166094 | 5,443(—=3)F 0.4 [EH 0,6728 1.,'[.]"5{;
(e) 0,1B6094 | 5,4426 (6,4} (e} 0,6676 1,056
04 () 0,2063 2,98(—2)
(0,32 {{u} 0,2067 3,040
' {e) 0,2067 3,039

Nore, The values of &, F, E,, and I'/2 are given in atomic units. The rows (a) and (i) give the

resitlts of the 1/n approximation in

Egs. {B10), with and without allowance for barrier penetra-

tion, respectively; the rows (b) and (b) are the same for the 1/#” approximation; the rows (c)
give the results of the calculation by the PHA method; the rows (e} are results from Ref 26.
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FIG. 2. Reduced width ¥, [see (3.10)] for as levels in the
potential (3.4), The points for which @ = | are denoted by 0.

‘The s0lid curves are from an exact calculation using (3.9),

and the dashed curves are obtained from the Gamov formula
(3.8); o= (g/g, 1"

with the curves in Fig. 2).

We now consider the Stark effect that corresponds to
the multidimensional problem with f= 2 degrees of free-
dom. Taking (2.6) into account, we find

4011.'3
C= Tt ] Ty=2 j———én T2 (4.9)
I‘En,n:m] — T E}CP{-QT{.E}, {4'10)
n* (3,1, 0,7y)
where, according to (2.5) and (2.6),
O, = T; = (4-1 I }
‘ j k()

. qk (q) ’

and the &, (g) are defined in (BI).

The results of the calculation for the state [9,0,0) in the
hydrogen atom are presented in Fig. 3. The solid curve is
calculated by means of PHA and agrees well with the results
of Kolosov;®’ the dashed curve is calculated from Eqgs.
(4.10) and (4.11) with z = 0. It follows from the figure that
the generalized Gamov formula (2.3) has a high accuracy if
azx 1, and s qualitatively applicable down to @ = 0.04. Analo-
gous results have been obtained for the states with 2 = 1§
and 20.

5. THE RELATIVISTIC CASE

We shall discuss the question of the possibility of gener-
ahzing the previous approach to the relativistic region. Here
we shall confine ourselves to the case of scalar particles and
consider the Klein-Gordon equation in an external electro-
static field with spherical symmetry [V{r) =ed%(r),
A = 0). The quantization condition retains the form (1.3),
with

um—f(—p ’)"”dr——jdr{i [E=V (r)}s+(+1/,) 02y

T

{5.1)

18 Sov. Phys. JETP 73 (1), July 1551

(Pt <Oforr,<r<r,). Hereandbelow, i=m=c=1,mis
the mass of the particle, E'is the energy of the particle in units
of me?, and ! is the orbital angular momentum (the Langer
correction has been taken into account).

Consider the case of a Coulomb field ({ = Za ~Z /137,
where Z is the charge of the nucleus). For

(3.0.0)
log

22 24 26 28 &105as

FIG. 3. Width of the level |9,0,0) in an electric field # (# = 10); O} points
corresponding to the parameter values a = 1.0, 0.8, 0.6, and 0.04; @)
points corresponding to the results of Kolosov.?” The solid curve is the
result of the caleulation by the PHA method; the dashed curve is obtained
from Eqs. {4.10) and (4.11) withu = .

Popov et af 18



&> 85 8 =1+4 1/2, itis necessary to take the finite size of the
nuclens into account.?®**' We set

_t!r:
—~(E/ru)f(riry),

r‘:"‘rﬂ.‘,

Viry=—
) O<<r<rg,

(5.2)

where r, is the radius of the nucleus, and the cutoff function
J(x} is determined by the distribution of electric charge over
the volume of the nuclens (x = r/ry, A1) =1, Q) < ).
For {»{. and E < — 1 there is a barrier in the effective
potential. 8o long as | E | < £ /7, holds the turning points 7, ,
lie outside the nucleus; their position does not depend on the
model of the cutoff {see Appendix C), and

a=L[ (1+E=) %= (1—p*)}"], (5.3)
where

F=(E—1)%, p=(4+'L)/E, 0<p<t.
For k-0, i.e,, near the boundary E = — 1, the guantity

exp( — 2m7a) determines the exponentially small penetra-
tion of the Coulomb barrier for slow antiparticles. On the
other hand, for deep (|E |3 1) levels the parameter ¢ is al-
most independent of the enerpy, and therefore the correction
for the barrier penetration in (1.3) reduces to a constant.

The equation determining the complex energies of the
states with Re E< — 1 in the Coulomb field takes the follow-
ing form:

E—;’ﬂ . ; q}(a}(n__{)n,

g [m( il )* H(z) ]+ arcetg
o 4

where r\3ry, n=n_+1=1, 2, ..,

g=t{1—p*)", u=(1—p%) (1-E7%),

a is defined in (5.3), r, is defined in (C.1)}, the function
H(u) is defined in (C10), and £ is the logarithmic derivative
of the wave function at the edge of the nucieus [see (C4)].
The value of £ depends on £, /, and the form of the cutoff
J{x), but does not depend on the energy (for kr,, <€ 1). Thus,
for fix)=1 we have

Ar ()
b= Tk

where A, ({) is a function closely related to the Bessel func-
tions [see Eq. (C5)]. For an arbitrary model of the cutoff we
have £({ =0} =1 4 1, and § decreases with increase of £.

1t is not difficult to solve Eq. (5.4) numerically. How-
ever, in the boson case, for E— — mc? strong vacuum polar-
1zation arises,* leading to screening of the external potential
V(r). For > {,. the one-particle Klein-Gordon equation
ceases to be applicable, and the problem becomes an essen-
tially many-particle problem. For this reason, this solution
for spinless particles is only of methodological interest.

A different situation obtains for fermions. Owing to the
Pauli principle, unrestricted increase of the vacuum polar-
ization when a level intersects the boundary £ = — mc¢? of
the lower continuuem is impossible,®! and allowance for the
vacuum polarization leads only to relatively small correc-
tions to the numerical values of Z,. and other physical quan-
tities (see, e.g., Refs. 33 and 34). In this case the one-particle

(3.5)
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approach remains applicable even for Z> Z__, by virtue of
which the derivation of an equation analogous to (5.4) is of
undoubted interest: Such an equation would simplify con-
siderably the calculation of the positions and widths of posi-
tron resonances corresponding to states that have dropped
into the lower continuum. In their basic features ( with expo-
nential accuracy) the formulas of the semiclassical approxi-
mation for the Klein-Gordon and Dirac equations do not
differ from each other, although in an accurate calculation of
the pre-exponential factor certain technical difficulties arise
(in the case of fermions); see Ref, 35. We hope to return to
this question in the future.

The authors are grateful to V. M Vainberg and B. M.
Karnakov for usefu] discussions, and also to A.. B. Shchebly-
kin for help in the numerical calculations.

APPENDIX A

Consider the solution of Eq. (3.6) under the condition
s = 'R’ 1, which ensures that the semiclassical approxi-
mation is applicable. In this case the total number of ns levels
in the potential (3.4) is large:

& 1
4 O(s?
2n+4 +0(s™)

(Al)

nn=

[ this follows from (3.7} with £ = 0]. Henceforth we assume
that jg| €1, where e = — E/V,=2a/8 (V,=1/20*R").

1) In the sub-barrier region {E£, <0, a<1) Eq. (3.6),
with the expansion (2.1) taken into account, takes the form

e[in E—-*(1+21ﬂ2}]+}‘;£_2“=-2'\’, (A2)

where v = {n — ng|/n,, and terms of order 1/es? have been
discarded (therefore, the condition for applicability of (A2)
is s~ *ge<]l, ie., shallow levels, but not too close to the
threshold £ = U, ). Solving (A2) by iterations, we find

E. =1
a.’=——--=2v[lni+ln111—1+1+1n2+...] ,
Fﬂ ¥ .Y (A?,)
o’ 1 1 ul-—-—ﬂnu
Es =?(ln?+21n2) g3na,
whence (7 < n,)
-]
E =256 (n—n,) {A +1In A+o(%)} ,
A=ln—2~+i,
v
2 IRI -
I‘nﬂm(ln i;, ) E:‘EIJ('— 2n|E,.|) (A4
l ﬂi i

The expression for I', agrees with Eq. (2.2), but the pertod

of oscillations of a particle in the classically allowed region

O<r<ry,=R{l — £'?) is equal to
T'=20~'arth{{—s)t=a—'[In(4/e)—Y.e+...]. (AS3)

As can be seen from (A4), the width of the levels here is
exponentially small, with
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. 1
TNn = AE. 3n oxp (—2nlE, |/w) 1.

(A6)

2} The region of energies near threshold: E~0, |a| €1.
Taking into account the expansion

wherea=C—1421n2, f=#/2, and C=10.577 is the
Euler constant, it 1s not difficult to see that the terms «x g In ¢
in (3.6) cancel altogether, and for E, and I', we arrive at
Eqgs. {2.15). For the ratio n, we obtain

I, in2 £,

1]11.==~aEn== 2n + zm"l"... .

(A8)

which, for E, =0, gives (2.16). For E_, ~w > 0 neighboring
resonances begin to overlap.

3} Finally, we consider the sub-barrier region:
E. >0, |al»1, and p(a) = — 2mia + 0(a " '); see Ref. 19.
From this we have |

£[lne— (4142 1n 2+2ni)] =2v,

and for correct analytic continuation it is necessary to make
the replacement In e—1In( — £) + iw. Finally, we arrive at
the equation

g [In{—e)—({1+21n 2+in)] =2v, (A9)
the solution of which (with logarithmic accuracy) is
g =—2viA+In A+ .. .]
. 2y (A10)

By =

[A+In A+O(D ]

where A is defined in (A4). In this region of energies,

PoE ~1/A€l, TwAE,~en" (de. fdn) - ~aA™" (n—n.).
Since |g,|~2v/A =2|a|s~? and |a|> 1, we have v>» A/s%,
or n — n. » A/2m. Thus, every resonance is still rather nar-
row, but neighboring resonances already overlap.

Let us make a few concluding remarks.

a) The formulas (A3) and (A10) for ¢ are analogous
to each other, but the corresponding expressions for £ differ
fundamentally: In the sub-barrier region [see (A3)] the
widths are exponentially small, but in (A10) the width is
only loganithmically smaller { ~ 1/A) than the energy of the
level,

b) Consider the threshold behavior of the reduced
widths (3.10) for #- . Taking into account that
s/2w(n — 1/4) = (g/ g, )"/ and that the term exp( — 27a)
in (A2) *dies out”, we obtain

Yee[lne—{1+21n 2} =(g./g)} "—1. (All)

For g > g, the solution is real and corresponds to a bound
state. In the above-barrier region (g < g, ), makingin (A11)
the replacement In £ = In( — £) — i we find

v | ={ 0, %< (),
" 2(n—Y)e e ( Inia % ]
+ =
{]n:rf;}“[1 v In % ) » %20,
(Al12)
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wherex = (g, — g)/g(|x| €1). Thus, the limitcurve y, _ _
has a weak singularity on the threshold.

Since in {(Al1l)} there is no term ooexp( — 27a) asso-
ciated with barrier penetration, it may be concluded that the
usual Bohr—-Sommerfeld quantization condition, analytical-
ly continued into the above-barrier region, determines not
only the position but also the width of levels with large .
This fact was discovered previously®® during construction of
a 1/n expansion for quasistationary states.

c) Finally, we note that the formulas of this appendix,
although they have been obtained for the model (3.4), arein
fact applicable to an arbitrary potential U(x), since in the
region of energies close to U, (|e] € 1) the potential can be
approximated by a parabola.

APPENDIX B

Here we outline the derivation of the equations deter-
mining the Stark shifts and widths of the levels of the hydro-
gen atom in the case 23 1.

The semiclassical quantization conditions, with
allowance for corrections of order #° and #°, have been ob-
tained by Bekenstein and Krieger.'” Confining ourselves to
corrections of order # in these conditions, and going over to
the scaled variables

g=2nk, F=nl31 |-1=mi'tn, I=H_=§! y=n‘“1';

(£ and 7 are parabolic coordinates ), we have

(| 1
PE='_£;;‘I;1[I}1 Pﬂ=2_nk!(y)r (B1)
kigy=(e+48,g7 " —plq " FFp'”
(g=x,yfori=1,2}, and
Sﬁdy(kz—(kz} 4 1 )=E:rr,(n1+f;}’ (B2)

8k,’ 8k.y* 1
where the integration contour encloses the turning points y,
and yp,. For u—0,

z

m
-t rowh,
Ho 4[_3': (l-l'}

yt?-';—F[i—(i— iEE?F

(£ < 0). The quantization condition in the variable x is ob-
tained from (B2) by the replacements n,—2,, f,—5,, and
F- —F

For m = 0, all the integrals in (B2) can be calculated
analytically. Going over to the new integration variable ¢

)|+ o

y=—mt Ba(g)=27%(—ez,) "k (),
E(ty=1(1-t) (1-¢8)/e]",
where
E=z_fz,, z.=1=x(1—2)", 2,=16p.Fe%,
we obtain

nyt+t/,

5:(—5}"”’1‘(%)+%(—E}“""g(za}= —, (B3)

where
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flz)= “"f”’ Sﬁk(t)dt, (B4)
()% 1 ()
gla)=—2 Sﬁdt[ TE ] (B5)

Here k' = dk /dt, and the integration contour encloses the
branch points ¢t =0 and ¢ = 1. The integral {(B4) is easily
calculated if we use an integral representation for the hyper-
geometric function and the quadratic Kummer transform
[see formulas 2.12(4) and 2.1(26) in Ref. 37]. Taking into
account the identity X%k = 1[(kH)"/2k7 + (k ~")"]
and discarding the total dertvative in the contour integral,
we have

g(22) =h(3,)—F(z.),

) = (14+8)* £ dt (2 (1+7)"% gt (PO
¥ e T : 3nt Y 25"

In the calculation of these integrals we use the same devices,
and also the relation

F(/,*,; 3 z}m'iiﬁ{ﬁ'{vh Va4 2)—=F (Y, 0 2 z)},

the validity of which 15 easily seen by comparing coefficients
of equal powers of z. Finally, we aobtain

Fzy=F{.% 0 2 z),
g(z) =t F (8 25 2)-H S F (e, M 15 2),
R(2Y=F 3., 2; 2).

(B7)

If the magnetic quantum number 13 nonzero (but
m<n), in (B2) we can expand in the small parameter u;
‘here it is sufficient to consider only $k.dy. Introducing the
joining point ¥ such that u”«€p<1, expanding k,(y) for
J <y <y, in powers of °, and, in the region y, < y < ¥, using
the smallness of y, we find

t
e Pl dynpa ()2

miF
8n(—e)?

(B8)
R(z,)+0(m®)

(the arbitrary point ¥ drops out of the final answer). Intro-
ducing the notation

2= (—1)16pFe-i=(~1)4FE, i=1,2,  (B9)
we obtain the quantization conditions
, F
Bi(—e)~"f(z)— W(“E)_%[E(Et y—m*h(z,) | =v,,
(B10)

Ba(—e)4(m)+ 5y (—e)4g () —m*h (z) =,

ﬁ"+ﬂl=1i v€={ni+1}|’2:|fn
(8; are the separation constants ). These equations have been
solved numericaily.'® Here it is possible either to discard the

terms o« F /8n* (the 1/n approximation) or to solve this sys-
tem in complete form (the 1/#* approximation).

a1 Sov. Phys. JETP 73 (1), July 1891

Wenote that Eqs. (B10) in the 1/# approximation were
givenin Ref. 38, and in the 1 /n* approximation were given in
Ref. 19, and were used in calculations of the Stark levels and
also in the derivation of scaling relations for near-threshold

resonances. However, their derivation has not been pub-
lished before.

APPENDIXC

ForE= — (k*+ 1)Y" « — 1 there is a sub-barrier re-
gion r, < r <r,, where r, and r, are the turning points:
re=g (1—p) [ (1+5%) "+ (1+p™%*) "],
=Lkt [ (AR e+ (1402K%)™)

(Cl1)

For k-0,

roe="0af (1—p*) [1—"/i(t+p") .. ],

o 22 L (1)

and the turning point », goes away to infinity. In the opposite
limiting case the width of the barrier decreases:

re=t(1Fp)/k, |k|>1.

However, the turning points r, , lie outside the nucleus so

long as I|Ej<(l—p){/7ry (we assume that
ry€fi/me=1).
ForE= —1

IP,. dr = 2g[arth {(1—2z)}"—{1—x)*]
i (C2)
| i
— g[lnw —2{1 —In 2)+x—4/ 2+ ... ]
e n

(x =ry/r,€1), and In (5.4) we have u =0, 2 = =, and
¢(a)} = 0. The quantization condition takes the form

3.2
2gr

_2(1-l2) [fy=te—fda,  (C3)

g[ln

N

where
g=[T*—{I+"1:)*])"

and the constant ¢’ is determined from the condition for
joining at the edge of the nucleus. Denoting by £ the loganth-
mic dertvative of the inner (r—ry — 0) wave function, we
have

E-1/y rdy

" = arcct , LI
1 £ g v dr

(C4)

¥ .p,r

For example, for f{x) =1 (the simplest cutoff model, corre-

sponding to charge concentrated on the surface of the nu-

cleus) £ is given by Eq. (53.5), in which
Av(z)=T{v+1) (z/2) . (3),

Av(By=Au(—z)=1—2f4(vF 1)+ .. .,

(C5)

z-—+0,

From this follows the rapidly convergent expansion
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E=co—~ef'—ali— ., . ., (C6)
where
1 1
a=itl, a=orm o= (2I+3) (245
: (CT)

(2+3) 245y (2+7) T

and ¢, ~& ** for k — o, where £, is the first positive zero of
the Bessel function J;_,,({): {y=m £, =4493, ..,
& =1+ 1.8561'* 4 0(1) for I'» 1. Thus, the coefficients ¢,
decrease rapidly with increase of k (especially for large 1),
owing to which, for the calculation of the logarithmic deriv-
ative § up to § ~ 1, it is convenient to use the series (C6).

In the general case [an arbitrary form of the cutoff
f(x)] these coefficients can be calculated using formulas
given in Ref. 39, For example, for f{x) = (3 — x2)/2
(which corresponds to a uniform distribution of charge over
the volurne of the nucleus) we have

1 I+4 ]
=1+ yoaaa
¢ 21-!—3[1 {(I+3/,) (+7/,)

Co=1+1, (C8)

The solution of Eq. (C3) makes it possible to calculate
for each model of the cutoff the value Z = Z__ at which the n/
Ievel drops down to the boundary E = — 1 (the so-called
critical charge of the nucleus®-?),

For E > — 1 we obtain

1-+k*

Jorar—glin 2 — @+ 22 oo )

r
T :

(C9)
where

Hu)="Yu"*[ ({+u")n{(1+p*) — {1—u*)In (1—u®) ]
T1=In2[1+{1—n)"]

u—o,
p={—t-=1,

—_ i
_ { 2(1—In 2)+Yut ... (C10)

{—t*—1/.t1n t+O(D),

Here, the contribution 9’ to the quantization condition from
the region inside the nucleus has the same magnitude (C4)
asinthecase E = — |.

") The other “decay channels” either are closed (a0, = wand {a,) = ar
in them exp( — 2ra, ) €exp( — 2ma;). Systems satisfying special sym-
metry properties may constitute an exception.

*' The same is also true (for physically reasonable potentials} in the case
of the discrete spectrum (see, e.g,, Ref. 22).

*’ See also Refs. 19 and 21 and the references indicated therein.

*' A carrection for barrier penetration is introduced only in the second of
Eqs. (B10). This is because the electron tunneling occurs aleng the
coordinate 1, while the effective potential U, (&) isa blocking potential.

*! This follows from the fact that solution of systam {B10) remains valid at
FeF. (or D¢z, <1). The 2z, =1 value corresponds to the ciassic
threshold of F ionization. Numerically F. = 0.2895 and 0.3155 for
states {9, 0, 0) and |19, 0, 0},
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