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A calculation is reported of Stark shifts and widths of the ground and first excited states of the
hydrogen atom in a strong electric field & up to values of & comparable with the field strength on
an atomic orbit. Two independent methods are used, namely, summation of divergent
perturbation-theory series and the 1/# expansion. The two methods have a wide region of overlap
(in the parameters #,, #,, m, and &). The calculations are confirmed by considering the Rydberg

limitas 77— x.

{. The Stark effect is one of the classical but, at the same
time, most difficult (part from the weak-field region) prob-
lems in quantum mechanics {see, for example, Refs. 1-20; a
more detailed hist of references 15 given 1n Refs. 1, 4, 10, and
15). When the external field € tends to zero, the energy of a
level with parabolic quantum numbers 7, 7., 7 10 the hy-
drogen atom can be expanded into a formal pertubation-
theory series, as follows:
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where n = n, + n, +m + 1 is the principal quantum num-
ber (m=0), k is the perturbation-theory order, F = a*¥,
£ == 2n°E. The coefficients of the first few orders of pertuba-
tion theory are

er=dJ{n.—n)n,

g, =~—{(1/8r*Y[1TR*=3{n,—n,)*—9m*+19], (2)
ga=[3(n—n, ) 16R° (230" — (n,—m )+ 11w +39], .. ;

go=—1.

and below we use atomic units for which#i=m_, = ¢ =1, 50
that the unit of the electric field strength is | a.u. = m2e* /A
= 5.142% 10" V/cm.

The first three perturbation coefficients have long been
known.' The fourth-order coefficient for states with arbi-
trary n,, #1,, m was calcuiated by Alliluev and Malkin,* using
the dynamic symmetry group of the hydrogen atom. The
explicit expressions™ for the perturbation-theory coeffi-
cients up to k = 7 were published by Silverstone® and up to
k =9 by Hoe et al.®

New perturbation-theory techniques, developed in the
course of the last few years, can be used to calculate the
coefficients £, of very high order. For example, calculations
have been carried out™® up to & = 160 for the ground state
and up to & = 100 for n = 2 {Ref. 10). These ceeflicients
carry significant information about the behavior of the
atomic energy leveis £ — E, — /T"/2 in a strong electric field.
However, as X — o, the higher perturbation-theory orders
increases factorially { This is the Dyson phenomenon''):

L mitam) —

£k = pla*kbe,[1+0(1/8) ], (3)

where @ = 3/2n, f=n+ |n, — n,| — 1, and, for example,
for siates with n, = n.,

eo=1,[ 14 (—1)*} 6"/nn*n ! (n—n,—1)1 (3')

The perturbation-theory series thus have a zero radius
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of convergence, and the energy £ ( ) has an essential
singularity at & = 0 and a cut along the real axis. It follows
that the use of perturbation theory in the evaluation of the
Stark shifts and widths of atomic levets in a strong fieid can-
not be carried out without the corresponding summing of
convergent series.

The usual perturbation-theory polynomials

N

Vo

A

determine E,(F) oniy in the weak-field region (in practice,
for & %0.03 in the case of the ground state). The Padé ap-
proximants have been used® to extend this to & ~0.1. Nu-
merical solution of the Schrodinger equation has been
used™'? to calculate £, and . We note at once that, for
Fz0.2, the results of Damburg and Kolosov'? are signifi-
cantly different from ours (and from other resulis;* !> see the
detailed discussion in Sec. 3). In sirong fields, the medified
perturbation theory'” appears to be valid { we note that this
vanant of perturbation theory was first proposed in Ref. 21
in the case of the anharmonic oscillator ¥(r) =~ + gr*).
However, the approximation used in Ref. 13 was of too low
order, so that the convergence of the method could not be
reliably judged. Moreover, the calculation was confined to
the ground state of the hydrogen atom. Complex coordi-
nates'® and the Padé-Borel transformation'® have been used
to sum the perturbation theory series (1) with high preci-
sion, but these results were obtained up to # = 0.1, and only
for the ground state. At the same time, calculation of E, and
I" for strong fields (#>0.1) and for a wide spectrum of
states, including highly excited (or Rydberg??) states, are of
considerable interest in view of advances in laser spectrosco-
pYy.

To solve this problem, we used the Pade-Hermite ap-
proximants®’ and the 1/n expansion.?*”* These methods are
briefly described below and then, in Sec. 3, we report the
results of our calculations. In Sec. 4, we discuss the Rydberg
limit (# — o0 }, which provides us with an independent verifi-
cation of the validity of our method of summation of diver-
gent perturbation-theory series.

2. Methods of calculation. The values of the Padé-Her-
mite approximant y; , a (F) were calculated from the
known perturbation-theory coeflicients £, using the equa-
tion

P, —Quy+tRyy'=0, (4}

where P, ,0,,, and R, are polynomtals in F (of degree L, M,
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and NV, respectively), whose coefficients are uniquely deter-
mined from the perturbation-theory coeffictents, using the
condition

P QuE+ R E = (FLAM+2+) (5)

where F—=0 and E{F) is the pertubation-theory senies (1).
As a rule, we took L. = M = N; this Padé-Hermite approxi-
mant will be denoted by y, (F). The usual Padé approxi-
mants [L /M) (F) are special cases of the Padé-Hermite ap-
proximant for R, =0. |

The Padé-Hermite approximants have an important
advantage as compared with the Padé approximant that 1s
particularly significant when the perturbation-theory senes
is summed for the Stark effect. Thus, it is clear from (4} that
yx (F) can have an imaginary part even when all the coefhi-
cients of the polynomials P,,0,, and R, are real. We note
that coefficients in (1) are real by perturbation-theory con-
struction. Because of this, the polynomials P, (), and K deter-
mined from {5} have only real coefficients. At the same
time, the energy E(F) has an imaginary part for any F 20,
which corresponds to the probability of ionization by the
external field in this state. Hence, when we use the Padé
approximant [ L /M] (F) to sum the perturbation-theory se-
ries, the cut 0« F < o is simulated by a higher density of
Padé-approximant poies, and this ieads to a numerical insta-
bility when E, and T are determined.

Analysis of the convergence of the sequence y,, ( F) with
increasing ;N shows that, when N = 12-15, numerical values
of v, are stabilized and the energy is obtained with a preci-
sion no worse than 107 (the caiculation; then involves 60—
80 orders of perturbation theory)., We note that, in weak
fields (in particular, for F50.03 when # = | and F&0.10
when n = 10}, the Stark shifis are calculated with higher
accuracy. As far as the level widths are concerned, the values
of Imy,, ( F) become stabilized for A< 15 only in those cases
for which [~ 107 %=i0~". This limits, to some exient, the
calculation of the widths F™™™ (F) in weak fields. At this
point, we confine our discussion to these brief remarks about
the Padé-Hermite approximants. Further details, such as

convergence precision of computed energy, and 50 on, can be
found in Refs. 25 and 26.

Another approach, independent of that described
above, 1s based on the 1/n approximation, which i1s betng
successfully used in different branches of theortical phys-
ics.”’2* 1t has recently been shown that™ the 1/n expansion
can be used to calculate the energy not only 1n the discrete
spectrum, but even for resonance levels. The energy expan-
sion takes the form

gm=c' VeV inte B int+ . (6)

where the first term represents, the classical particle at rest
at the point corresponding to the minimurn of the effective
potential at r = r,, and the higher-order terms correspond to
the inclusion of zero-point oscillations and anharmonic ef-
fects. The Yukawa, Hulthen, and funnel potentials have
been used?* to show that the 1/»# expansion, which is theo-
retical valid for n% 1, is accurate even for relatively small 2.
For example, for n = 3, the first three terms of (6) will suf-
fice for a precision of 107 *~-10~% in the level energy. We have
applied this method to the Stark effect. For the nodeless (0,
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0, m) states, the first three coefficients in {6) can be calculat-
ed analytically and the result is

et=— (1—1)*{1+31%),

gW=(1—7*)*[ (1+31) %+ (1-31)%=2], (7
(1—1%)*
4(1—07%)°
—12(1=-9"] (1+1) (4—31)*
+(1—1) (1431 "= (1~ ]},

£l = —

{18—£33c*+ 31"

whereas the higher-order coefficients are determined from
recurrence relations. In these expressions, 7 1s a root of the
equation

t{1—1%) =F, (8)

that tends to zero for F— 0 {see Appendix A for the deriva-
tion of these equations). All the coefficients £'*? are real so
longas 0 <7< 1/3. For r = 1/3, which corresponds to fields

F=F,=2".3""=0.208, (9)

the two classical solutions” come into contact and the point
of equilibrium moves into the complex plane. Thereafter,
£ become complex, so that not only the level shift but also
its width can be described.

We note that the 1/n expansion 1s not valid for F=F.
because the coefficients £'%’ (F) have a singularity at this
point. The remarkable fact is that, as Fincreases still further,
the 1/n expansion again becomes valid for the determination
of E, and T" [the convergence of (6) in strong fields can be
accelerated by summing it with the aid of the Padé approxi-
mant; this was used to obtain the results reporied below].

The 1/n expansion converges rapidly for F» F. and
n %3 (and especially for Rydberg states in which there has
been increasing interest in recent years*’), whereas the
method invelving the Padé-Hermite approximants has ad-
vantages for smaller ». It is significant that there is a region
of overiap (in the parameters » and F?), in which the two
methods agree to a high precision and, for F<0.1, with other
calculations'*'" (see Table IT in Ref. 25). The 1/n expan-
sion thus confirms the procedure that we have chosen for
summing the divergent perturbation series.

3. Turning now to the results of our calculations, we
begin with the (0, 0, # — 1) states which , in the classical
limit {n — oo ), correspond to the motion of an electron on a
circular orbit perpendicular to the direction of the field #".
In this case, all odd orders of perturbation theory vanish, 1.e.,
E = E(F?). It is convenient to transform from E,# to the
reduced variables

(10)

e=2nE, &F=n"'F, u=min, vi=ndn.

The Stark shifts are shown in Fig. 1. of Ref. 16 (see also Ref.
25). We note that, in very strong fields, the Stark shifts of
these levels change sign. We shall write the atomic level
widths in the form

Pimmm (FYy =P Y axp {— 18 e (F) 3, (11)

where the first factor, I'(F}, corresponds to the quasiclassi-
cal formula

{nprym) —(=n,+ny) —_—
r Crmyn” exp (—2n/3F}, (12)

Crmm="{4n)"""*"exp [ 3{n,—n2) /0.l (nyFm) In's
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This formula is asymptotically correct in the limit as #-0
(cf. Refs. 17-19). Hence, 6,,1,,1,,, (0) = 0. We note that the

exact form of the pre-exponential factor C, , ,, for a level

with arbitrary quantum numbers was deduced by Sla-
vyanov'® and, later, by Yamabe and Tachibana.™
The widths T, calculated by the above methods,

enable us to find the quantities 8, , ,, in (11) (cf., Fig. 2 of

Ref. 16). Similar calculations were performed for the two
series of states (#x,, 0, 0) and (0, n,, 0), of which the first
corresponds to the smallest and the second to the largest
widths among ali the sublevels with given . The results are
shown in Fig. | (Stark shifts) and Fig. 2 (widths). The fig-
ures also show the limiting curves corresponding to # = oz,
caiculated by independent methods {see also Sec. 4). It is
clear from the figures that the limiting curves are in qualita-
tive agreement with the resuits obtained by summing the
perturbation-theory series and by the 1/# expansion.

For small F, anly the factor I is important in (11);itis

very dependent on the field and varies by many orders of

magnitude. However, the range of validity of (1) 1s relative-
v narrow: ¥ £0.In"% As F=0,

S (Fy=c FHe,Fi . (13)

where, for exampile,

48RP+ On+50 for (ny. 0.0},
E1=—12 - A2r*+=din+14 for (0, n., U}, (14)
T 330t 454n+20 for (0,0, m),

; | ] | [ ] ] [ 1 [

& 8.2 24 8.5 .8 7.4 F

FIG. 2. The function &, (F) for the (n — 1, 0, 0) states [cf. Eq. (11}].
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and, for the Rydberg states {(n3> 1)

o=t 1 [11+13v, +ilv—8 (v v, v O (1) (149
( these formuals follow from the results of Damburg and Ko-
losov'?). Theslope of the curves in Fig. 2 at F' = Qis in agree-
ment with (13) and { 14), However, the linear termin (13)
is sufficient only for F < 0.1; in stronger fields, the function
8 (F) becomes essentially nenlinear. In all the cases that we
have considered, 5{F) > 0, so that the 1onization probability
by a strong field in a given energy level is much lower than
the probability predicted by the quasiclassical estimate
(12, When F> F., the barrier in the effective potential
[/,{n) vanishes (see Appendix B) and the 1omzation pro-
cess is no longer of the over-barrier type. In this region, the
field dependence of the level width is approximately linear,
as illustrated by Fig. 3 {thisis also valid for other states). We
note that the broken curves in Fig. 3 correspond to the inclu-
sion of the first two terms in the 1/7 expansion.

The perturbation theory coefficients for excited states
with # = 2 and n = 3 were calculated previously.'® Using
these resuits and surnming the corresponding perturbation
theory series with the aid of the Padé-Hermite approxi-
mants, we obtain the Stark shift shown in Fig. 4 (see Ref. 26
for further details), The same method can be used for an
arbitrary state {n,n.m) for which the perturbation expan-
sion is known to sufficiently high order.
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FIG. 3. &7 = »’T",, as a function of the external field for the (0, 0, 2 — 1)
states. The difference between the broken curves [first two terms in (0} ]
and the solid curves is a measure of the precision of the 1/ expansion.
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4. Rydberg limit. The excited-state energies are deter-
mined from the quasiclassical quantization condition of
Bohr and Sommerfeld. In the limit as n — o0, we have

Ea

‘_Ji A I
Xd‘:‘,( i - i: —F“;-i-t:) = 2r1vy,

b &
-

£ =

LH |

‘i'* ) Y
jdn( 1'[?2 — !:f +Fr]+5) = 2mYy., pntv,—ve=1 (15)

where u = m/nz0, £, %, are the turning points. The inte-
grals in these expressions are, in general, relatively compli-
cated elliptic integrals. The situation becomes simpler when
m = 0. The integrals can then be evaluated analytically and
(15} assumes the form

By oF (M e =103 F et ) =(—e )y,
B, (s M 2 103, Ffe?)={—¢€)} va Pitpe=1. vitv.=1,
(16)
where .F,(a, f; ¥, z) is the hypergeometric function [the
unknowns are £ and the separation constants, £, f,; see

Appendix B for details of the calculations leading to { 16) 1.
As F— (0, we obtain

|5|="~'|i I'!":‘J"I:"f:r‘r;_{'l.l'fi ("l-'t‘_"f:}"t'utrm+ . ]
'[5:1="'-':[ |- H."f:\'1lr"_11'll'.‘=11 {1'1“1':}F:_L .. ] . ( 1?)
e — 13 (v — v ) P [T =3 (v, =3y ] P

et us now consider some limiting cases.

(1) When v, =0 [states of the form (0, n,, 0)], we
have 5, =0 for any F, and (16} reduces to the single equa-
tion

(—eY = 0, e 20 16K e}, (18)

The root of this equation remains real so long as z = 16§/
2« 1. When z= 1,the hypergeometric function has a
branch point; the corresponding values of F and ¢ are labeled
with an asterisk:

F.=1024](37)*=0.129782, &.=—128/9n*=—1.441012. ( 19}

As F—F., the solution of {18) has a singularity:

E=E_{| _‘3:_-’__3'1:; +G(J;;1;f)} (20)
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2,04
(11
] F
FI1G. 4. Stark shifis of the v = 2 {2) and # = 3 (b) levels. The
{1,1,8)  parabolic quantum numbers (), 75, /M) are indicated against the
curves. The points are taken from Ref. 20
(0,0,2)
[0,1,1)
(8,2,0)

where f= (F. — F)/F. and F> F. the function £(F) ac-
quires an imaginary part. When F» F., the quantty £(F)
moves into the complex plane; this enables us to describe not
only the level shift, but also the level width (as in the case of
the 1/n expansion®***). The corresponding curve (n = o)
obtained by numerical solution of {18) is shown in Fig. 1b
[formuia (20) was used as the initial approximation for the
iterations]. It is clear from the figure that (18) provides a
qualitative description of E, and [ for Rydberg states
(ne1).

(2} Similarly, 8.=0 when v, =0 [ef. (17)]. For the
(n,. 0, 0) states, we therefore obtain the equatton

(—e) =oF (' e 20 —16F/€%). (21)
The energy £(F) vanishes for F— F,, where
f'"n=1ffnﬁ.{‘:-'r;r{’a".a- ﬁl'rr.i 2 1]}q=0383’£‘1

In the numerical solution of (21}, it is convenient 10 use
identities to transform it to the form
(et 1GFY =8 (s M 2 aef2 (e 168) ). (217)

Hence, it is clear that F = F, is not a singular point of £(F)
and £ remains real for all 0 < F < oo. Therefore, for (#n,, 0,0}
states, the leve! width vanishes in the limit as #— o . Actual-
iy, the first equation in (16} is the quantization condition in
the funnel potential U, (&) = — 172§ + &£ /8 (the energy
spectrum is exclusively discrete) and the second reduces 1o
the identity 0 = 0.

For all other states, the quasiclassical description gives
a finite level width in the region above the threshold, F> F..

(3) We also calculated?® the series of states (1, 7, 0)
for which, as for the (0, 0, m ) states, the linear Stark effect 15
not present in a weak field. We also calculated?® the energies
and widths of states with n, = 20-30and n,, m =0, 1,and 2,
which have the lowest decay probability among all the states
with given n.

(4) Tt is well known " that only the potential U>{7) has
a barrier {for sufficiently small F). The field F= F., for
which the barrier on U, (1) disappears, will be referred to as
the classical ionization threshold, When m = 0, the poten-
tial U, (%) has a maximum at 7, = 2{5,/F)'"*:

Ur{na) =—4(p.F) ™.
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The barrier disappears when & = U, (9,), l.e., B,F /6> = 1/
16, which corresponds precisely to the singular point of the
hypergeometric function in (16).

Analysis of {16} shows that

52y, ..., —q,
0.13040.052y vy —{ (22)

e Cmy 2y 0) = { 0.383—1.230 (1 —v;} "+ ...y vi—1,
where F'. monotonically increases with increasingv, = n,/n
(see Appendix C).

For F> F., the width T" becomes practically a linear
function of F (up to F~ 3, cf. Fig. 3}.

(5) Comparison with other calculations. The Stark ef-
fect in the hydrogen atom in strong fields was considered 1n
Refs. 3, 12, 13, and 20 mostly for the ground state. The Weyl
method was used in Ref. 3 to calculate E, and I', a numerical
solution of the Schrédinger equation was used in Ref. 12, the
modified perturbation theory was employed in Ref. 13, and
the Borel summation of the perturbation-theory senes for
the separation constants, 5,, §, was used in Ref. 20. For
F<0.1, all these results agree with the exception of Ref. 13
(the level width obtained in Ref. 13 has an incorrect behav-
jor for F—0Q). The values of By and I for n = 1| and £<0.25,
calculated by Hehenberer ef @/. in Ref. 3, are in agreement
with our calculations. The calculations of Damburg and Ko-
losov'? for states with # = 1 and # = 2 disagree sharply with
our calculations for F2 0.2 (see Sec. 4 of Appendix B for
further details), but the results of Ref. 20 are in agreement
with our own (see Fig. 4). However, we note that the calcu-
lations of E, and [ were reported in Ref. 20 for only two
states, namely, {0, 0,0) and (0, 1,0}, and for asmall number
of F points.

(6) Let us now summarize. Summation of divergent
perturbation-theory series in the Stark-effect problem can be
used to find the complex energy £ = £, — i["/2 of the Breit-
Wigner resonance that transforms into a discrete level {n,,
n,, m) as F—0. The significant point here is the choice of a
suitable procedure for summing the perturbation-theory se-
ries, which becomes clear if we compare the effectiveness of
the two methods, i.e., those based on the Padé approximants
and the Padé-Hermite approximants. To calculate £, and I’
to 4-5 significant figures, we have to go to at least order 50 in
perturbation theory (see Sec. 2). The exact perturbation-
theory coefficients corresponding 1o such vaiues of £ are by
then®'® given by the asymptotic formuia (3) assoctated with
the Dyson singularity in the energy E(&) as & —0. This
singularity is thus reproduced by summing the perturbation-
theory series with the aid of the Padé-Hermite approximant,
which appears to be the necessary condition for a successful
summation of divergent series. It follows that the number of
higher perturbation-theory orders calculated exactly must
be quite large if we do not wish to confine our attentzon to the
weak-binding region.

The 1/n expansion, which is particularly efficient for
the Rydberg states (and for n,, n, €n), and completely con-
firms the results obtained by summing the perturbation-the-
ory series, is an independent method of calculating E,and I

We have reproduced above the Stark shifts and level
- widths of the hydrogen atom up to & ~ 1.5n*. Thereis no
difficulty to extending the calculations to greater values of
% . but this is only of acadetnic interest because the level
width T in fields F = n*& ~1 is already comparable with
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| E,|. Such wide resonances are difficult to separate from the
background due to the contribution of other states.

It is our pleasant duty to express our sincere thanksto I,
L. Beigman, Yu. N. Demkov, I. L. Sobel’'man, E. A. Soiov'ey,
and I. S. Shapiro for discussions of the above results and for
useful suggestions, and to A. V. Shcheblykin for help with
numerical calculations.

APPENDIX A
1/n-expansion far the Stark effect

We Dbegin with nodeless states (n,=n,=0,
m = n — 1), for which there are no “radial excitations”. By
analogy with Ref. 24, in the limit as # — o2, the classical equi-
librium point £, 7, and the level energy £ are determined by
the set of equations
d d

'{E U ()= E Ua2(n) =0,

Ui (E“}ZL?I:(I]I.])ZIK;E! ﬁ1+ﬂi=1 (Al)

where U7, , are the effective potentials in the coordinates £
and 57, and 3, , arethe separation constants.” Direct analysis
of these equations is quite difficult. We shall simplify it by
exploiting the fact that the Bohr theory of the atormn 1s valid
for n> 1. In the absence of the field ¥, the (0, O, m) state
corresponds to a circular electron orbit, perpendicular to the
z-axis { the direction of the external field % ). When the elec-
tric field is turned on, the classical orbit shifts and changes
its radius, but remains circular (Fig. 3). Hence, we find that

E=—zr, pri=pipTt, p=(r-I7)7

(A2)
=L —1lr~&:,

po=in=uy

where the first two equations correspond to the equilibrinm
of forces acting on the electron in its own rest frame {cf. Fig.
5). If we apply the scale transformation (10}, and assume
that » = {1 — 7°) "2, we obtain (8). In this procedure, £% is
given by (7) and we can verify that all the equations in (A1)
are satisfied identically. A correction of arbitrary order,
£*? in (6) can be calculated from the recurrence relations
given in Ref. 23, which are very convenient in computer cal-
culations, When + = 1/3, the potential I/, (1) ceases to have
a barrier. The corresponding fieid is given by (9), and the
reduced energy and radius and electron orbit are given by

(A3)

E-#_EE-S_EZ_I.{]:}:%::'} r".-m.:b:l'lll“'u:I'j"Ei:}'

When F= F., the root of (8) becomes complex, i.e., the
equilibrium point £, B, moves into the complex plane. This

o/n

FIG. 5. Classical electron orbit of the hydrogen atom corresponding to the
(0,0, m)stateform=n—1p1.
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solution is not meaningful to classical mechanics but, in
gquantum mechanics, it determines the energy and width of
highly-excited states (¢f. the Yukawa potential®*).

When F» F., we assume in (&) that

1P=1-—s5e"'"

(A4)

and take into account the fact that £ remains real. This leads
to the following equations that specify £(F) in parametric
form:

F={5in B) "{sin 89}* (sin 90) "=,

(AS)
£ =3g% " _4gle-¥®  g=3in 80/sin 9¢
where 0 < @ « 7/9. We note that
 —2t(l—t?)~,  F<F.,
(o)
dd; — (sin B8) " {sin 90)* - (A®)
R e e N S
Hence, it follows that £” = — Ime increases monotonically

with the field F, and £’ = Ree at first decreases (upto = 7/
12) and then begins to increase. The minimum of £ (F) lies

near the strong-field Tegion:
Fio =927%2(312 _ 1)l'2 = [ 361.
Assuming that -0, we find from (AS5) that

FoF, =22%x3 %and £" ~ (F — F.)¥2. Further increase
in F results in a practically linear dependence of the level
width on the field (cf. Fig. 3). This alse occurs for other
states (n,, 7., 1) and continues up to F=5, On the other
hand, when F— w0,

e M=1 (13D FP1+G(F) ], (A7)

but this asymptotic formula 1s only for theoretical interest
(it sets 1n for FZ 50).

So far, we have assumed that n, = n, = (. The 1/# ex-
pansion can also be obtained for other states whenn,, n, €n.
The first term of (6) remains the same as before whereas, for
example, the first-order correction i1s given by
eV =(1—1%)"[ (2n,+1) (14 31) "+ (2n,+H1) (1—31) "= 2],

(A8)

where r = 7(F) has the same meaning as before.

APPENDIX B

The limiting curves &, (F) corresponding to n = w
were calculated on the basis of the following considerations.
For fields & smaller than the classical ionization thresholds
€., the width of a level in an electric field is determined by

the barrier transmission factor
1 B
v.n---£)] '} 8D

where n,, », are the turning points and, when the Langer
correction 1s included,

U () =—8./2ntm* /8y —/u& .

iH

i mom] (g'} - e:'-:p{ “2.[ dn[z(

Assuming that #3 1, and using the scaling
n=—n'eF-'z, E=e/{2n*, &F=Fn-*
we obtatn
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To ™ maxp{—2n (—e) %7 (F) J3F),

3 {dzf i )”'
J{F) = > xj . .,‘a-é—b:c-l-f—f .

b=168,F/e?,

{B2)

a——piFfe?, lu=m/n.

From {11} and {(12), we have
Snmem (FY=(2/3F) [{(~&)*J{(F}—1])— (1—v,+~,) In F—cyns,
| (B3)
where
Cor={1—v, }In{1—% ) +v, In v,
~— (1—vy+v,) (14210 2} —3 (v,—vs).

We recall that 4 + v, 4+ v, = 1, so that each of the numbers
v, Vo lies between zero and unity. The function J(F) is, in
general, a relatively complicated elliptic integral. We now
consider a few cases for which the calculations become
simpler.

1. it = 1, ¥, = v, = (. This case corresponds to a classi-
cal particle at rest at the minimum 7 = 7, of the effective
potential I/,(n}. We then have

prn}="LE-2U,(n) =& (n—ne}*(n—m.) fdn®,
(1—g}"1/3F, n.=—n

(B4)
e+ 2(1—q) " ]/3F.

N.=—r7e'"[1-—

where £” <0 and g = 3 /4, and the values of ¢” and 5,
correspond; to the first term in the 1/# expansion:

com—a—guyrr,  pmr| 1+ (u o Zu-YF ] (Bs)

where ¥ = | — 7. Since p°(n) has a repeated root, the inte-
gral J(F) can be expressed 1n terms of elementary functions:

f}-—*‘i" {1— ant) 2=z = {1~z arlh z ],
__[ - ]"‘ _{ 1—% =" F = ..., F—1), B6)
I+?{1—r;} o el F—F. (
f={F.—F)fF., ¢=3"-2""=1.45.
Hence,

HiE+ L., F—0,

5. (F) = ! *
a,—a,fta.f+..., F=F., (B7;

a,=31n 3—101n 2—4513/2048=0.T524, q,=2.204, a,=1.74K.

We note that the expansion § _ (F) becomes identical with
(13), (14} as F—-0, n— o.

2.4 = 0. In this case, {/,(#) does not have a centrifugal
barrier, so that J{F} reduces to a hypergeometric function.
If we use the quadratic Kummer transformation, we can
simplify the answer and finally obtain

J(F)=3m-275(1-0).F. {'/\, i 2; 1-0b). (B8)
Since {as b—-0)
(M s 25 1=b)

=k 1+ el (in D+ K, )+ 508 In B0 ()},

fo=2"{3n =13 —81n 2,
we find that

Brim (F y={4+ v, —2v,2) F+O (F*), F—0, {B9)

which agrees with (13).
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3. The 8, ,, have a particularly simple form for the

(n,, 0, 0} states. Here, 7,=0 [cf. (17)], a=6=10, and
J(F) =1, so that

Bnioo (F)={2/3F}[ (—e)*—1] +3, (B10)

where £{F) is determined from (21). In particular,

Onioo (F) =4 F =304, F2 4 .,  F-(.

We must now make some remarks in relation to Ref. 12,
The results reported there for strong fields do not agree with
our results {cf., in particular, Figs. 3 and 6 in Ref. 15). A
possible reason for this discrepancy may be as follows. The
values of £, and I given in Ref, 12 were determined from the
passage of the scattering phase through w/2 (for real &),
which corresponds to the scaitering of an electron by a pro-
ton in an external field . In our calculations (see also Refs.
3 and 13), we use the radiation condition {divergent wave at
infinity }, which corresponds to the decay of a quasistation-
ary state. Actually, when the formal perturbation-theory se-
ries (1) is constructed, we use the exponential decrease of
the wave function for »— s, which, in the analytic continu-
ation A = ( — 2EYY? = — ik, becomes the radiation condi-
tion. For narrow resonances, the two approaches are, of
course, equivalent.

APPENDIXC
Assuming in (16} that
1ﬁﬁ'zFa'{E'=='11 ﬁ1=ﬁf(1+ﬂ}i ﬁ23(1+13}_l1

we can reduce this system to the single equation for the van-

able & = 8(v,):

38,0, g 20 —3)=2"%,3rn(1—v,}, (Cl)

where the classical tonization threshold F. and the corre-
sponding energy £. are given by

21 128 { p.\?
; ﬁzn""r‘z_&, Ee = — — ) ( - ) .
(3rm)® (s by

F.= (C2)

Equation (C1) was solved numerically and it was found that
F. increased monotonicaly with v, between 0.1298 (v, = 0)
and (0.3834 (v, = 1). At (v, = 1), it has a power-type singu-
larity:

F.=F,(1—av."+ ...}, (C3)
where
'\’321_’"\?1 _?‘"D., F|:|=m,|'|ra|ﬂ2 F :I"FJ.] _a={.}+38341 1.,,
1 (C4)

a=Br—'[[' () |'""=3.284. . . .
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The values of F. (v,, v,, 0) are almost constant in the range
0« v, 20.5, but vary relatively rapidly near v, = 1. This i
due to the fact that the coefficient & is numertcally large.

""Enginzering-Physics Institute, Moscow

2t is important to note that analytic formulas for £, become exceedingly
unwieldy even for & = 7. In practice, it is more convenient to calculate
the higher orders numerically for each particular state (n,, #;, m), using
the recurrence relations {see, for example, Refs, 7-9),

3'An analogous phenomenon occurs in other problems, i.e., for resonatics
levels (£31) in the Yukawa and Hulthen potentials.®* |
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