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The Stark shifts and the widths of highly excited states are calculated in a strong electric field
(n*# ~1,n% 1) for an arbitrary atom ( the difference between the atomic field and the Coulomb
field is taken into account by introducing quantum defects in a parabolic basis ). A correction to
the Bohr-Sommerfeld quantization rule, necessitated by the finite barrier penetration factor, is
introduced. The possibility of analytic continuation into the above-barrier region is discussed.
Scaling relations are obtained via a 1/#-expansion for the near-threshold Stark resonances with
quantum numbers #, % 1, n,, and m ~ 1. The theoretical results are compared with the
experimental data on the photoionization of atoms in the presence of a constant electric field £

1. There are at present numerous experimental results
on the near-threshold resonances in the photoionization
cross sections of atoms in the presence of a constant electric
field € (see Refs. 1-7 and the citations therein). In Refs. 8
and 9 it was shown that the positions and widths of these
resonances coincide with the complex energies
E!"m™ = E /2 of the Stark quasistationary states.
Various methods have been used to calculate the positions
E ‘™™™ and widths [''"™™ of the resonances: summa-
tion'®!? of the divergent perturbation-theory (PT) series
and the 1/n-expansion,’*'* and also numerical solution of
the Schrédinger equation with the radiation condition™'*
(divergent wave at infinity).

Of greatest interest, from the point of view of experi-
ment, are the states with n, ~r» 1, ny and m ~ 1, which have
the lowest probability of decay in the field ¥ (among all the
n(n + 1)/2 Stark sublevels with given n). In this case the 1/
n-gxpansion is the most adequate method of calculation.
However, its use to calculate the widths of the levels raises a
peculiar difficulty: within the framework of the 1/n-expan-
sion the width T'{ #) is manifested only in sufficiently strong
fields (specifically, after the classical solutions are joined
and go off into the complex plane). This difficulty arises not
only in problems involving the Stark effect,'? but also in oth-
er problems of quantum mechanics—for example, in prob-
lems involving Yukawa and Hulthén potentials." There is
always some region near the threshold in which the 1/n-
expansion does not determine the widih of the levels.? In the
case of the Stark effect this prevents us from joining together
the results of the 1/n-expansion with the well-known (see
Refs. 16 and 17, and also the reviews in Refs. 18 and 19)
threshold behavior of I'( %) in a weak field. In the present
article we show that this difficuity is eliminated if one intro-
duces into the quasiclassical quantization rules a correction
for the finite barrier penetration factor.

We briefty describe the contents of this article. Section 2
presents the equations for the energies of the Stark reson-
ances in an arbitrary atom for n3» 1, m (accurate to terms
~1/n? inclusive). Here the deviation of the atomic field
from a Coulomb field (for all atoms excluding hydrogen) is
taken into account by introducing quantum defects
8(n,n,m) in a parabolic basis. Modification of the quasi-
classical quantization rules, taking into account the finite
. barrier penetration factor is considered in Sec. 3, and the
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region below the classical ionization threshold in Sec. 4. In
Sec. 5, scaling relations for the near-threshold resonances
and their consequences are discussed. Finally, in Sections 6
and 7 the results of numerical calculations are discussed and
a comparison is made of theory and experiment. The Appen-
dix covers some details of the caleulations.

In what follows, unless otherwise specified, we use

atomic units and the reduced energy £ and the reduced field
F

e=g —ig =2n'E'"M, F=p'®, (1)
n,, n,, and m are the parabolic quantum numbers (m3>0),
and n = n; + n, + m + 1 is the principal quantum number
of the level.

2. The fundamental equations. In the calculation of the
energy of Rydberg states {n,n,m) with n3» 1, m we use the
quasiclassical guantization conditions taking into account
corrections of order # (Ref. 20), the approximate separa-
tton of the variables in the parabolic coordinates £ = r + z
and 7 =r — z in the region r»r, (r, 1s the radius of the
atomic shell), and the “hidden” symmetry of the Coulomb
field,”"** which makes it possible to transform from the
spherical basis |nfm) to the parabolic |n n,m). To deter-
mine £ and the separation constants &, (8, + 4, = 1} we de-
rive the equations

Bi(—e} fl2 ) —(F/Bn*} (—e)~"[glz}—m h(z,) | =v,,

Bol=—g&) =" flz) +{F/8n*) (—e) ~“[g(z) —m*k (3:) | =,
where

(2)

E{={'—‘i)tiﬁﬁiF,ﬂ"EEi vizii_lﬁfﬂ][n;_]_'{m_'_i:}jz]ff”, (3}

i = lor2,the parameter & = &{n n,m) is expressed in terms
of the quantum defects g, for a free (& = Q) atom:

ﬁ(ninzm)mi—z {2£+i) {Ciii—m;rm}zpa, (4)

{ =mim

J=(n—1)/2, M=(n—nsm){2=]-n..
and f(z), g(z), and A(z) are expressed in terms of the hyper-
geometric function F(2) =.F {a,fF;y;:z):

f(z)=F{, G 2 2],
g{z} =‘1.\'J=F{af'rh 5},"; 2; 3}'5':,"'3F{3.I'r:., o 1 3), (5)
h(z)=F{+%.°% 2; z)
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[in the derivation of formulas (5) we have used Kummer’s
quadratic transformation,” which greatly simplifies the an-
swer ]. These equations (for m = 0) have already been used
before”; their derivation is given in Ref. 24. We note that the
corrections not taken into account in Egs. (2) are of order
not greater than n ™%, so that the accuracy of system (2) in
the case of Rydberg states is quite high.

In the weak (F--0) field region, using the expansion of
the functions f(z), g(z), and A(z) for small z, we obtain from
Eqgs. (2} the expansions

gl* = {3 F e (17— 35+ {9n-7) F*

+3 % (23— 2+ 30n =) F?
— (280 [ 1430 F—/ (42+35n2 ) F?

T/ 523 (473078502} PP | +O( F*, 03, 6°).
(6)
W="(1+x) /31—y +r= ) F+1/ o (1— w7 +6n~2) F?

T 23 (171 =188 T 150  +622n"* =390’ n =2+ 0001 F°
3
—(6/n) {—g 5 (1—x®) +r 2 F+3/ un2F°

'5_3.-"“155 (?45—8301"'.2'1"851-{&
T2306n*— 15061 n~%) F }—I— e

which for § = 0 coincide with the well-known'*'® perturba-
tion-theory expansions (here m =0, x = (n, — #,)/n, and
£, 18 obtained by making the substitution
x— —x, F— — F). For arbitrary £ Eqs. (2) were soived
numernically.

Betfore considering the results of the numerical calcula-
tions, we will investigate system (2) qualitatively. Here we
omit terms of order 1/#°, as a result of which only the func-
tion f(z) remains in Eqgs. (2). We will call such an approxi-
mation a 1/n-approximation, and the solution of the com-
plete system — a l/n’-approximation. The variable z,
decreases with growth of F, remaining negative all the time,
while z, grows; as long as z, < 1 the solution (i.e., £, 3,, and
#,} remains real, Atz, = 1 a singularity of the function f(z)
i1s reached, after which the solution departs to the complex
plane. The value F= F_, at which z, = 1, we shall call the
classical ionization threshold [in the limit # — « it corre-
sponds to the vanishing of the barrier in the effective poten-
tial'® L/, (7).

Setting z, = 1 in system (2) taken in the 1/#-approxi-
mation, we arrive at the eguation

HH{—tY=1{(2"3n) (Zn/p—1), (7

which does not depend on the quantum defect §. Here

p=2n4mt1, B=t{1+i}"", p.=(1+2)"",

Fo={(2"n/3np) {1+£)~° (7)

Numerical solution of this equation gives the curveu = 0in
Fig. 1.

We calculated F, for all the states in which one of the
numbers s,, x,, or u vanishes in the limit 72—«
(%, = (n;, + 1/2)/n, o = m/n). The results are presented
in Fig. 1. The values of F,, for an arbitrary state |n,n,m) lie
inside the curvilinear triangle in Fig. 1 (see also Ref. 25).
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F1G. 1. Classical ionization threshoid F, for thres series of states; x
=X, — Xy = (N —ny)/n.

Figure 2 shows values of F, for a few series of states which
are of experimental interest {n,» n, and m, p = 1-5). Wit}
growth of p the value of F, markedly decreases, which is
reflected in the width of the atomic levels—see Table 11 be.
low.

As long as F < F, the solution of system (2) remains
real and does not describe the width of the atomic levels in
that region where ionization has a tunneling character
{here, however, the position of the levels 15 calenlated with
high accuracy-—see Sec. 5 below). To overcome this diffi-
culty we consider quantization conditions which take ac-
count of the finite-barrier-penetration factor.

3. As is well known,'® for the potential
V(r) = — r~! — #z the variables in the Schrédinger equa-
tion separate in the parabolic coordinates &, n, ¢@:

PAry=NEN) 8 )y(n)e™. (8)

After transforming to the reduced variables £, F, and
¥ = n~’gy, the equation for y, takes the form

{fﬂx2+[ 3(}_'_1 ]n—{}
dy'l' f3 ¥ 4_{)’4 Az =1),
Z F gF
p(y}=n( oy y) |
Ay 4y 4 )

In the classically allowed region

s =¢n .8
-

(o, 3

2391 (30 do”
(T
(4, 5

355 = -

770

I 1 1 !

i 2 Ji vq

FI<. 2. The dependence of F,_, on # (the parabolic quantum aumbers aré
shown for each curve}.
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—% gin {B(y) +nf4], (10

and according to Langer’s method, with allowance for the
correction of order # to the quasiclassical approximation,*°
the phase &(y} is equal to

e\ ae) s g |
Qlu)=e"ple

Returning to the variable y, we have accurate to terms of
order 1/n°

1)
i P.ﬂ r pr; 1
ooty 2 )
6{y) j ¥1P— o 5

;{:W[P':y}] Yo=Y,

u

Bly)= j[

w=ln y,

{10)

where the prime denotes the derivative with respect to y. The
quasiclassical solution (10) 1s inapplicable when the turning
points y, ; are close to the top of the potential barrier

y=ymn132{:ﬁﬂfﬁ'] !III“""'E-"'{'[‘BE_!_ =t

For m=0, setting y=y.. (l+ap) and a={(F/
64n*3,%) 1'%, we reduce Eq. (9) in the region |p| € (3, /F)"/#
to standard form*’

T
H 2 Ca)=0, a=—
e A N VY

) T [et4(pF) .
(11)

In the general case, when the energy £ is not necessarily
close to the top of the barner in U,(7),

b
1 L m’ Bs 1 1
— T ,-1=— . — ___E
2 ”nj{ p) dn, py ({,”]2 n 2 &M - )
(12)

(7, , are the turning points, 77, < 77 < 17- is the below-barrier
region ). For the states with 1 = O this integral can be calcu-
lated analyitcally:

a=[n(—e&)*/2'} (1—2:) {{1—2,), (13)

where z, = 168,F /&%, and f(z) is given by Eq. (5). The bar-
rier vanishes when e = — 4(B.F)'?andz, =1 (e =0). It
is not difficult to see that {13) goes overto (11) as z;— 1.

To the left of the barrier the solution of Eq. (11), corre-
sponding to the quasistationary state {divergent wave as
p— = }, takes the form™

it (1—2a/17)] 7" sin [0{1)Tn/4], (14)

where

I'(*/,+ia) ]

1 1 [
b{(x)=-—1*—alnt+—1In [ (7/—ia) (1t}

4i

4
1 ( 3 )
-+ at—— 1%+ ..., T=—pial.
5 2 o> tal.
The quantization condition arises from the requirement of
coincidence of functions (10) and (14} in the overlap region
el €T €n'?(5,°/F)"5, which always exists for large n. In
this case we make the substitution p = (2/4 — a)'/? (the
parabolic approximation, ¥ ¥ma., ) and go over in the com-
Plex y plane to a contour integral which includes the points
Y=y, and y = y,(7 = 24"*). We finally come to system
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(2), in which it is necessary to make in the second equation
the substitution:

n,—t,—(a)/2n (15)

{for n, such a substitution i1s not necessary since the poten-
tial &7, (&) is a barrier potential for all F> 0]. Here in the 1/
n-approximation

F{/,+ia)
C{Y/,—ia) (1+e ™)

and in the 1/n°-approximation, i.e., taking into account in
system (2} terms which are proportional to F /8»°,

] alnata, (16)

1
¢la)= 'iPi“_“lﬂ[

¢la)=q.(a)=q,(a)—1/24a (16")

(the properties of these functions are considered in Appen-
dix A). Let us now discuss these formulas.

a) For F€F, Eqgs. (2) with allowance for substitution
(15) give the correct threshold behavior of the widths of the
atomic levels 1n a weak field (see the next Section).

b) For F£F_ the solution of system (2) becomes com-
plex. The singuiarity at F, = F, can be avoided by choosing
the correctsign Im E= — T'/2 <«

f(ﬂz] _"'fl:zz]_z:f'i(i‘_zz)F(ﬁr’rn Tn"la; 2; 1—z.), {17}

On the other hand, taking into account the asymptotic limit
{A2) (see Appendix A ), substitution {15) takes the form

vo—vatiasn, (18}

which 1s consistent with substitution (17) for |1 — z, 1«1,

Hence it follows that analytic continuation of the Bohr—
Sommerfeld quantization rules from the region of the quasi-
discrete spectrum to the above-barner region determines
both the position and the width of the levels (far from the
complex turning points}, This explains a fact which was pre-
viously established empirically,'*'® namely that the 1/n-ex-
pansion, even without account of the penetrability of the
barriet, allows one to calculate the width of the quasistation-
ary states 1n a strong field {after the joining of the two classi-
cal solutions).

¢) The function (16) has singularities at the points

ﬂzﬁﬂ=(”+lf(2}r'r ”:D‘ 1*2" T (19}

which correspond to the poies of the amplitude of scattering
by the parabolic barrier ¥(x) = x%/2. In this case

i} = const D_ a1, (27~ 7°E)
{ (_E) in_m.r,g_a:;:,.':,_i_A (_E] —i,:_lI:EiEI.."E, g_,_,, —o,
HE— Fel— -_E."E.j.-'lz‘ll ':E_.____%_ ,_':_m.i
where
z=(M/mw) 12 3, a=-Ejew, I=m=1,

The amphitudes of the reflected (4) and transmitted (B)

Waves
=ig M A= {2}~ 2=e™ 2T (V +ia) {20)

have polesata = a,, where E=F, =
the wave functions are given by

—i(n+ 1/2)w, and

- §n{E)=const e¥ " H {Ee " Jeog e Eoboe
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(We note that the substitution @ — i transforms the para-
bolic barrier into a harmonic-oscillator potential, and the
energy values F=FE,  correspond to oscillator’s energy
spectrum. ) On the other hand, the existence of the poles 4
and B at the mirror points ¢ =a¥f = — {n + 1/2)i would
contradict the Hermitian character of the Hamiltonian: then
there would exist square-integrable (#>0) wave functions

Yo (B} ok

a L) ik E
’ '-E £ , b—-}-:t':l:lll

corresponding to complex energy eigenvalues £ = £ ¥,

d) The effect of the penetrability of the barrner on the
quasiclassical quantization rules were considered by Rice
and Good,*® Drukarev,”” and Kondratovich and Os-
trovskii.?® The expressions in Refs. 26 and 27 for the correc-
tion to the quantization rules correspond to

g{a)=arg [ (*/-+ia}+a(l—1na),

which is practically identical to Eq. {16) forreala® 1. How-
ever, as the level approaches the apex of the barrier this
expression becomes inaccurate. In particular, the function
@{a) would in this case have singularities notonlyata = a,,,
but also the points @ = a¥*, which do not correspond to poles
of the scattering amplitude.

4. The weak field region. Using the perturbation-theory
expansion {6), we find from Eq. (12)

Srna=n{2/3F+(1-x}InF—[1+2in 2422 {1—In 2)
il g,—ho Ina)+ ), (21)

where

= (l—uxpn}/2. n={n~n)in, p=m/n

(here 0 < A_<A, « 1) and the terms which vanish as F—0
have been omitted. Taking Eq. (A4) into account, we see
that Eqs. (2) go over into the usual quantization rules accu-
rate to terms of order 1/»” if we work in the 1/n-approxima-
tion, and to terms of order 1/n* in the 1/n*-approximation
(see also 1tem 4) of Appendix A). A new feature 1s the ap-
pearance of an imaginary part, albeit exponentially small, in
ny:Imau, = — (47) 'exp( — 2ma). Setting E=E, — iT"/
2, we arrive from the condition

iz

| pdg=(n+vn

9

at the Gamow formula for the level width:

[—=T-te==  7—2) p'dq, (22)

g

where T is the period of the oscillations of the ¢lassical parti-
cle.

The problem of the Stark effect in the hydrogen atom
does not reduce to a one-dimensional problem. In this case
the quasiciassical formuia is

]'_'i{muqmi — Uy

E.—E.na1 23
(3.t to.T, )0 (23)

where

e

2na=n j |, (y) [ dy,

1y
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o | dz b |2 (23)
) == B
L k@ T T k(x)
¥ [N
dy dy
J. = ] To = —r—
= j yia(y) k()

(see Appendix B). Here we assume that #3> 1 and we make
the scaling transformation :

§=r'z, m=n'y, p=k(2)/2n, po=k.(y)/2n, (24)

sO that

k=g —Frtap,fo—pnfz kl=e+Fy+af./y—piy®.  (25)
As F={0formula (23} takes the form

Tii IR {g} —_— [zﬂﬂﬁ}“'lE_IJ”WF"PE_EHFIFJ P=2H2+m+i (26}

[see Egs. (21) and (B4) ], which functionaily coincides with
the exact asymptotic limit'®!? of the width T''"""™"™ (£ ) as
& — 0, differing only by a numerical factor in the pre-expo-
nential factor. We note that approximation (26) possesses
good accuracy even for not large quantum numbers. Thus,
R, =D "™ D 0 865, 0.905, and 0.947, re-
spectively, for the ground state |0,0,0) and the states |0,0,1)
and {0,1,0}, and for n,% 1

Romm=1—{2m+m){24n{ . +m)+ .. . —1.

Thus, taking account of the penetrability of the barrier
in the quasiclassical quantization rules gives the correct be-
havior of the widths of the atomic levels in a weak field.

5. Numerical solutton of system (2 ) with account of the
substitution {15) gives a reasonable interpolation between
the weak field region and the “scaling” region F» F_. Typi-
cal results, in the instance of the state |19,0,0) in the hydro-
gen atom, are presented in Fig. 3 of Ref. 30. Correction {13)
is very important for F& F_, but with further growth of the
field its role decreases {as can be seen from Fig. 3, for
F>1.23F_, even without taking the penetrability of the bar-
rier into account, the 1/m-approximation determines the
width of the level with sufficient accuracy).

As to the effect of the penetrability of the barrier on the

.. i ) ) ) .
position E, "™ of the quasistationary level, it is not large.

For example, ¢, =20"E -9 = _(.1508 and
— 0.1574 without taking account of the penetrability of the
barrier, while £, = — 0.1490 and — 0.1488 with this ac-

count (forn = 20and F = 0.35: here the first number corre-
sponds to the 1/n-approximation, the second to the 1/#°-
approximation}. It can be seen that introducing correction
{13) stabilizes the caleulated values of ), and determines
the energy with accuracy of the order of 10™*. This allows us
to limit curselves in the majority of cases to the solution uf
Egs. (2) and (15) in the 1/#-approximation.

Numerical calculations of the energy levels and widths
were carried out for the hydrogen atom by Damburg and
Kotosov.® We have calculated the values of
v=1{(—2E )% and T by two independent methods: 1}
summation of the perturbation-theory series with the heip of
Padé¢-Hermite approximants, and 2) solution of Egs. (2) in
the 1/n- and 1/a#°-approximations. The results for the states
with r, = 1, = (#n — 1}/2 and m = 0 along with the corre-
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il sz,ﬂ y ME=g -. A —_— . -
o T PV Y M AN ke
F 0.4125 01464 01519
Method of
calculation v 1 v J r
PHA [12]| 482402 2.283(~86) 10,713 2,83(—6) 14,577 1,30 (=6}
iin 492385 2,22 (-6} 10.7128 2.82(-6) 14.5767 1,347 (- 56)
i/nt 492408 2,19(-6) 10,7127 2,80 (—B) {14 5766 1.338(-6)
{29] 4.9240 2,282 (—6) 10.688 2.815(=6) 14,5771 1,338(—8)

sponding values from Ref. 29 are listed in Table 1. The agree-
ment of all the calculations is quite good, which confirms the
method of summation of divergent PT series (for the Stark
effect) which we have chosen and permits one to use the
Padé-Hermite approximants and Eqs. {2) for still stronger
fields. |

6. Scaling for near-threshold resonances.” Let # — oo
and n;/n, m/n—0. In this Jimit the system (2) reduces to
one equation:

(—e) *=F (" %0 2 —16Fe~7), (27)

whose solution we denote by ¢, (F). Using the 1/n-expan-
sion, '* it is possible toshow that for the states withn, ~ 1% 1,
n, and m ~ 1 the following relations are satisfied: for £~ 0

1

plizy

{ninER)
ESM™M =

[rimam) p?“{::(ﬁi*ﬁ). (23}

ni

E.; (ﬁig} .

and 1 the below-threshoid energy region E < 0

E™™ = (17200 [e. (R'E) +n{(fin.) &) — (i/n.) ' n(n5&) .
(29)

Here i=n,+ (m+1)/2 =56, n, =n—935 (the analog of
the effective principal quantum number n — g, which is in-
troduced’® for Rydberg states in the spherical basis \nim}),
6=26(nn,m), p=2n,+ m+ 1, and the functions y_ {F)
and 9 (F) are expressed in terms of £, ( F}—see Ref. 30 and
Appendix C. These equations give definite scaling laws for
the Stark resonances and are accurate to order 1/n° ({see
Appendix C).

We point out a number of consequences of these scaling
relations.

a) Asarule, in an experiment the field # is fixed and a
set of resonances with given #, and m is observed. In this case
the principal quantum number # corresponding to the inter-
section of the Stark level with the boundary of the ionization
limit E = 0 is equal to

n=n®=37,58 ~"+n,+(m+1)/2+8,

and the siope of the level at the point of intersection is equal
to

a2 . nem Si[ ( m+1 ) i ( 1 )]
N — il
dF r 4 '1 fln 2 + ﬁ - + ﬂ 7 .

E mmi}

(30)

With growth of p the slope decreases, in agreement with nu-

merical calcuiations.!?
b) In the hydrogen atom the reduced energies £’ of

Ry

the states j# — 2,1,0) and jn — 3,0,2) are extraordinarily

a3 Sov. Phys, JETP 89 {1}, July 1989

close to each other {see Fig. 1 in Ref. 9 for n = 25 J; the same
holds, although with less accuracy, for Emiram = pAr

The explanation of this result follows from Egs. (28): the
states under discussion have the same values of p and
n=n—p/2 (n, =n for hydrogen), wherefore the posi-
tions and the widths of the resonances differ (for given %)
only in terms of order 1/n% The same is true for the states
ln —3,1,1) and |n — 4,0,3); |{n — 3,2,0%, (n —4,1,2%, and
|r — 5,0,4); etc. (aslongas p<€n}.

On the other hand, for the states |n — m — 1,0,m) we
haven =n — (m + 1)/2, wherefore ¢’ and £” differ already
in terms of order 1/n.

c) For the hydrogen atom all §=0, and 7 does not de-
pend on #,. Therefore the positions of the above-threshold
resonances with fixed #, and m but different #, should be
close to each other, with their widths proportional to p (see
also Ref. 28). For example,

[F"(g) P&y Tt ( EYy=1 - 3.5, (31)

d} The width of the peaks in the region E = 0 increase
rapidly with the energy of the resonance. The condition
"~ AE aliows one to estimate the value » = n_ at which
neighboring resonances overlap and the structure in the pho-
toionization cross sections vanishes. Using Egs. (28) and
the linear approximation for £, ( F}, we find

ne=k & "n,+{m+1)/24+86, {32)
where k. = 0.787(1 + x,)'"*, and x, is a root of the equation
x| (1+x/3)/ (1 +x/2) F=2p7,

For the numer of peaks which can be observed in the above-
threshoid  region, we  obtain the estimate
An=n, —n'Fk &1 k =0.332, 0.095, and 0.043 for
P = 1,2, and 3. The structure in the photoionization cross
sections 18 most noticeable for the states {n,,0,0), and with
growth of p the number of peaks An falls off rapidly. For
example, for a hydrogen atom in a field & = 8.0 kV/cm we
have An =9 for the series |#,,0,0) and Anx I for |n,,1,0}.

7. Comparison with experiment. Reference 6 gives the
positions and widths of the below-threshold (£ «0) Stark
resonances with m =0 in the hydrogen atom. These
numbers are in good agreement both with calculations based
on Eq. (2) in the 1/n-approximation (taking into account
the penetrability of the barrier) and with the results of the
summation of the perturbation-theory series (see Table II,
which gives the values of E, ™™ taken with the opposite
sign, and I'/2). Here the error in the experimental energies
E_canreach 2 cm ™! (see Ref. 6).

As can be seen from Table I, the widths I"'"""*™ at first
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TABLE II.

H #=1688 k¥ /cm

~ Erem™' r/2,cm”!
R| .1 Fa f
theory expt.(Ref. 6) theory expt. (Ref. 6}
16,1,0 (3,2654 106.5 103.8 5,9 9.0 0.292
16,00 0.3096 1233 126,0 0.15 d.14 —0.115
19,1,0 (L2626 167.6 167,59 1.8 2.1 0,039
15.00 00,3074 196.7 198 5 7.0{—4) 1.1(=4) —,303
14.2.0 (,2362 211.5 210,14 5.6 6.6 0.155
13,2,0 (.2329 274.2 270.5 0.27 0.23 —0,081
12.3.0 (2143 H3.8 S14.8 1.3 1,6 AL
11,40 (02004 352.2 351.4 3.3 3.0 03,070
11,3.0 0.2107 384.4 JF6.3 1.8{-3 1.8(=3) -0.210
1G,4.G (1, 1965 419,4 £10,2 3.5(-2) 3.2{-2) ~(1, 158
Rb (6 =4.180 k'V/cm Na (¢ =3.58 kV/cm

—Ericm"" *Er-cm_'

nn;m 4 expt. L L 6 expl.
theory | gef 1) theory 3 pet 3)

23,00 (J.655 132.3 133 28,00 0,140 15.9 £5.5
2200 0.381 15374 157+ 2 23,0.1 0,0073 211 21.5
2110 0,517 1595 160 25,0,0 0.145 35.0 0.0

20,2.0 0. 400 163.2 163 2401 0.0078 40.4 41
21.0.0 0,708 184.2 185 24,1.0 0,130 D3 20.5
20,1,0 0.531 185.4 185 24,0,0 0.151 57.0 50.5

20,00 0.737 214.6 2172 2301 LEHIES! 60,7 B

18.1,0 0,561 247.2 24T 23.0.0 0.157 80.3 74

16,2,0 .428 284.0 R4 2201 0.0092 23.1 &4

18,00 G802 288 4 280 22.1.1 0016 74.9 13

glance vary irregularly, although the resonances are ar-
ranged in order of decreasing E, . This apparent irregularity
is explained if we compare F = n*% with the classical ioniza-
tion threshold F_{#,num); there is a distinct correlation
between the gquantities T/2 and f= (F— F_}/F_ (thelat-
ter characterizes the closeness of the resonance energy to the
top of the potential barrier).

Table I1 also gives the values of — E, for rubidium and
sodinm. The experimental data were taken from the graphs
in Refs. 1 and 3 and have an accuracy of ~1 cm ™' (as the
resonances begin to overlap, the accuracy decreases), within
the limits of which the theory agrees with experiment. Here
it is important to take into account the quantum defect  in
Eqs. 2, particularly in the case of rubidium.> Similar results
were also obtained for other states. More detailed tables giv-
en in Ref. 31 include around 50 states |n,n,m) with m =0
and 1. In all cases the positions of the resonances agree 1o
within several percent; for I''"'™™ the agreement between
theory and experiment is somewhat poorer, but at the pres-
ent time even the widths have not been determined expert-
mentally at so high an accuracy.

In Ref. 30 it has been shown that scaling relation (28} is
satisfied for £ 0. Let us turn now to the below threshold
resonances. The experimental values of the energy E, (m7am)
taken from Refs. 1, 3, 5, and 6 were scaled and shifted in the
following way:

Famm=20E"" —n{ (7n.) &)+ (7/n) T (nS&). (31)

If Eq. (29) is satisfied, the values E{,,mzm} plotted versus
F = 7%% should lie on a universal curve £, { F} regardless of
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the atom under consideration. As can be seen from Fig. 3,
this is indeed the case. We note that the points corresponding
to fixed n and n, = 0,1,...,4 agree within the limits of accura-
cy of the figure, which is in accord with statement ¢} in Sec.
6.

As to the widths of the resonances, for 2 0.5 the ex-
perimental points lie on a universal curve based on Eq. (28)

I
g g
Fin it 2
AT : : ; —
i:?. -"|I I':'?. 2 ‘{?-' I"'i' 'I:'

FI1G. 3. Verification of scaling relation (29) for the below-threshold Stark
resonances. For each experimental point its quantum numbers {#, and
x,]) are indicated; for all states mr = 0. The solid curve is £, { ). Symbols:
(O—the states |n 72,1} in the hydrogen atom (Ref. 6) for ¥ = 16.8 kV/
cm {10<n, <17, 0<n,<4); @—the states [n,,n,./m} in hydrogen (Refs. 4
and 5} for & =B8.0 kV/cm (n, = 15-21, i, =0 and 1); A—the states
|#,,0,0} in the sodium atom {Ref, 3) for ¥ = 3.59kV/cm and n, = 23~
26; A—the states |#,,0,0) for rubidium (Ref. 1) for & = 2.189 k¥ /cm
and #, = 19-24.
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[see Fig. 4) ]. In this figure the field F = #*% is the abscissa,
and the quantities

Trimm= (n'/pr )T ™(E) p=2n,+m-+]. (34)

are the ordinates.

For ¥ « 0.4 deviations from scaling are observed and are
due to the finite penetrability of the barrier. The numerical
solution of Eq. (2) is in agreement with experiment, as can
be seen from Table I1. Here the term with ¢ (&) in (15) plays
in the region ¥ F_ a comparatively small role, in agree-
ment with the remarks in Sec. 3.

8. The number of experimental points in Figs. 3 and 4
could be easily increased. The agreement is good in all of the
cases which we have considered, and undoubtedly the ob-
served peaks In the photoionization cross sections corre-
spond to the Stark quasistationary states. The scaling rela-
tions (28) and (29) can be used to describe Rydberg states
close to £ = O for any atom. These relations are suitable both
as a test of numerical calculations and to identify the quan-
tum numbers (#,n,m) of the peaks in photoionization spec-
Ira.

The authors express their sincere appreciation to V. M.
Vamberg, B. M. Karnakov, E. A. Solov’ev, and especially to
L. P. Pitaevskil for a discussion of results and helpful re-
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APPENDIX A

We list some properties of the function ¢(a).
1) The behavior at large radius:

L ]

—(2N—1
2w,

A=l

—nfiargaﬂi%—. (Al)

pla)=
mt
—2nia + Z cpa E1 > <arga<mz, [A2)
e
Snoam
okt ]
Yee £ F)
I:'.J.' -
_ | *
g 1.7 F

FIG. 4. Scaling for the widths of the Stark resonances: O, @, and A—the
states (»,,0,0}, (n,,0,1), and (#,,1,0} in the hydrogen atom for & = 6.5
and 8.0 k¥ /cm (Ref, 5): A—the states (n,,m,0) with n, = 0,1,2 (corre-
spondingly p =13,5) for sodium for ¥ =3.59 kV/cm (Ref 3
F, =0.383—see Eq. (C9).
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where

cp={—1)*"1{1-2"-2*) By, /2K (2k—1)},

]{1!—1--1:'

and B ,, are the Bernoulli numbers. These series diverge al-
though the coefficients ¢, decrease initially: ¢, = 1/24,
¢, = 7/2880,... (the smallest coeficient is ¢, = 5.906-107,
for £ 1 these coefficients grow factorialiy).

2) On the real axis we have

Im gla)="/,1n ({+e~%a),
@la)=1/24a+. . +'},i exp(—2na), a—+eo

J<g<Too, (A3}

(A4)
3) ¢(a} has logarithmic branch points at g = 0 (where
it remains finite) and at the points { 19):

qpf{a)=1In {(a—a.)+0(1), a—va,. (AS5)

At the potnts ¢ = g¥ this function is regular since the limit

lim I'('/,—iz) (14¢-%%) =2ni2n+1/pl

b o L
a n

(A6}

has a finite value. For this reason the amplitudes (20) do not
have any singularities in this case.

The properties of the function ¢ (@) are ‘considered in
detail in Ref. 31.

4) The preceding formulas pertain to the function pla)
introduced in Eq. (16}. For the 1/n*-approximation, Eq.
(16") shouid be used; in this case the first term in Eq. (Al)is
canceled and the expansion begins with c.a™*, Apparently
allowance for the succeeding corrections® to the quasiclas-

sical approximation, up to #** inclusive, leads to the func-
tion

K=1

¢x{ﬂ)=mfﬂ)—z Cpta™ 3 (AT)
ko |

for which @y (a) = Ofa ™ ** ="} asa— . As can be seen
from Eqs. (2), the formal parameter #° of the quasiclassical
expansion for the energy is equal here to 1/#° Therefore
substitution in (15) of the function @ for @ should ensure a
relative accuracy of order » ~ ?f in the quantization rules

(for the position of the level £, }. For X = 1| and ? this is the
case.

APPENDIX B

In the derivation of the pre-exponential factor in Eq.
(23) we have used the quasiclassical approximation. Since
the nermalization of the wave function (8) 15 carried out in

the classically allowed region &, < £ <&, n,<n< M, We
have

N=[lfzﬂ(UiTz'f'ﬁle)]":’}”'21 (B1)

where o; and 7, are defined by Eqs. (23'). Recognizing that
the barrier exists only for the variable 5, we obtain

T
1 JL
pﬂ-hcﬂs(jﬁndﬂ“’*ﬁ—)+ No=<1<1)4,
n

%2(n)= |

n
1 , L)
“'2_5_““ Exp{‘(an dn +_,'_)}: n-=1;,
\ e L

where the parameter g is defined by Eq. (12). Calculating
the flux of the particles escaping to infinity, we arrive at Eq.
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(23). Formulas of this type can be obtained also for other
problems with separable variables.
In the limit as F -0 we have

0, =J;=17, T,‘zz.ﬁﬁ["mmzﬂ [H['}";’:(m-i-’l)]fn,

(B2)

thereforein Eq. (23) the pre-exponential factor has the form
T ~'(0) = 1/27n°, which is in agreement with the Gamow
formuia [for bounded motion in a Coulomb field we have
I'=27( —2F)*? =2mn’ according to Kepler's third
law].

For the states with 1 = 0 the integrals in Eqs. (23) can
be calculated analytically:

Ui:n(—g}‘l’l’F{tf;; EJ"IL; 1, Sf)r

(B3)
T=2ad:(—e) " MF (L M 25 24)
{the variables z; are defined in Egs. (2)]. Hence
=100 =) Ff (1T H2—=222)F*+ || 1/2nn°, (B4)
in particular, 7~ ' = (1 — 6F* + ...)/2mn> for the states

172,,0,0) with n, % 1.

The second case, in which the pre-exponential factor is
easily calculated, is that of the state [0,0,m) with
m =1 — 1% 1. With the help of the | /n#-expansion we obtain

T'=(1-3n)"(1+1¥/2an*{1—1). (BS)

where'” (1 — ) = F, with r = 7(F} =0 as F—0 and for
Qcral/3,

We note, finally, that for a short-range potential £, -0
and, according to Eq. (13},

na=t 1) /2 =25"3F. (B6)

Therefore, in this case Eq. (26} gives the correct exponen-
tial’* in the probability of ionization of the s-level (# = 1,
EF=e/2= —x/2).

APPENDIX C
Derivation of the scaling relations

We observe that the substitutions

Py Fo = e, onepThn,
do not change the values z, ;, and the left-hand sides of Eqgs.
(2} acquire a common factor u'"*, Choosing g = (1 — &/
nY? we can_eliminatﬂ 6 and transform to the “hydrogen”
variables £, F, and # = n,:

F=N e=ZnE, F=pF=n’&, ji=p ' n=n—a.

(C1)

Since
T=={m+' (m+ )= [nF".(m+1) N n=v.

(n;, = n, — &), the right-hand sides of Egs. (2) have the
same value as for the state |#,z#.m) in the hydrogen atom
(&6 =0).

Now let #, > n,,m. The position of the Stark resonances
in the region £>0 is determined primarily by the first of
Eqs. (2), which follows from the quantization condition in
the coordinate £. Recognizing that v, =1 — p/2n,
P =2n,+ m + |, we obtain in analogy with Eqs. (C1) the
result that the scaling transformation
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Re g=p~"e.(pF), p=(1—p/2n)* {C2)

reduces the problem to the limiting case # — «. Combining
Egs. (C1) and (C2), we find the final form of the scaling
factor A = up:

-1 i
l={1%—ﬂ-[n=+(m+i)fz+ﬁ]} . (C3)
where & = d{nn,m).

To obtain the scaling relations we use the 1/r-expan-
S10M:

1 .
g=g, + -E— g, + ~ (p*eyt+E,+min,)

1 .
-+ — (ples+pE,+mipn) +. ., (C4)
where £, = £, { F) is the solution of Eq. (27) (we have taken
account of the fact that Egs. (2) contain three small parame-
eters: v, = p/2n, 1/n°, and m*/n*). Successive expansion of
Egs. (2) in powers of 1/# demonstrates thas

El={1—31"‘1&;’{1’!:}E-.‘-{i—Fd,"dF:l (—e) -, (C5)
Tt ga="fye [e—"Fete "(Fe)2+2F%). F>F, (Cay

Y {:—EFé) — [ 19e*6+A48Fee®F26F 2 +8F =" ].
where for brevity we have written e=¢, £ = de, /dF, etc.

The functions ¢, &, and 7., remain real for all
0 < F< o, but £, and &, each acquires an imaginary part if
F> F_. Indeed, using the Kummer transformation-* for th
hypergeometric function, Eq. (27) can be rewritten in para-
metric form { — 1< < 1)

N

E=AF"u{l—gpg*)-*

Fr=" (=) oF (o e 25 (1l /2)),

from which it is clear that the function e, (F) is real for all
F» 0. It follows from Eq. (C6) that the same is also true for
&§:{F}. The absence of an imaginary part in £, and 5, was
also checked by summation of the corresponding PT series.

For F» F_ the first termin Eq. (C5) contributes to the
real part, and the second term-—to the imaginary part of the
correction to £,. Hence

[ omyT

Emmm=2n"E" = e+ {p/n) (1=2Fd/dFYe., +. ..

= p~ e (pF)+O(1/n}, (CT)

1 P P’
Eu.nzm=ﬂ2rlﬂ'mm} _ ]_m (_Ei +_...E'1++ ”_)
H n*

rL

) 1
— iﬁ”mp—-«fﬂ (pF)+0 (—) |

In the below-threshold region £, (F) is real. The same is also
true for the subsequent terms in Eq. (C4); therefore in this
case the 1/n-expansion only determines the position of the
level, but not its width (an analogous situation occurs for the
Yukawa and Hulthén potentials'’). Proceeding as in the
foregoing and taking formulas (C1)-(C3) into account, we
find

Eminem=h""8 o (AF )42 N{AR}EY = {pF}. (C8)
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Transforming from £ to the energy E, we obtain the scaling
relations (28} and (29). Since the two first (nonvanishing}
terms of the 1/n-expansion were used in their derivation,
thetr relative accuracy is of the order of 1/n°.

Let us determine the introduced functions y,, and 7.
For F> F, =0.3834 we have

1 (Fl=e¢" (WFe—e}y={(FdidF—1) [e (F}] ", {C9)
and for F< F_and ¢, (F) <0
n{F)=[{—e.,(F)]" {C10)

The £, (£} curve intersects the ionization limit E =0 at
P’::fi*:

eo=o fta.f+ ..., j=(F-F)/F. (C11)
where  a,=009034, @,= —0.0673, a,=00173,
a, = —0.0003..., 1.¢, a,> |a,| > a,. This explains the ap-

proximate linearity of the £, curve {F), which is conspi-
cuously distinct in Fig. 3. We note that the function e, (F) is
real for 0 < F < oo and has no singularities for F = F_, while
v () has a square-root singularity here.

"™Moscow Engineering-Physics Institute.

“See Fig. 2 1n Ref. 15 for the Yukawa potential and Fig. 3in Ref. 13 for the
Stark effect in the hydroegen atom,

YSee the Darwin expansion (Ref. 23) for the parabolic cylinder function
Wie, .

“'A brief presentation of the results of this section was published earlier. *

*'For fixed # the quantum defects (5 si.m ) decay with growth of n, and,
in particular, with growth of the magnetic quantum number m {see Eq.
(4)]. As estimates we give the following numbers {# = 25, the rubidium
atom): &{24,0,0) =0.633, &5(23, 1,0) =0.491, 5¢22, 2,00 = (.386,
${22, 1,1y =0.133,4(23,0, 1) =0.092, and (22, ¢, 2} = 0.0087. For
hydrogen =0 for all states.
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