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Bgustions determining the shifts and widths of the Rydberg
states in & strong electric field (for an arbitrary atom) have
been obtained, ss well as scaling relations for nearthreshold
Stark resonances with n,= n>> 1, ‘n, and m ~ 1 (n » 5, M BTE
parabolic quantum numbers). These relations are in agreement with
experiment. The effect of barrier penetrability is taken into

account.
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Jd+ In the last few years the research of hig,hly excited, or
the Rydberg states of atoms and molecules attracts a considerable
interest. The resgonances in atomic photoionization cross sections'
in the presence of o electric field! é were:. experimentally
discovered, with n = 15 + 40 and energy B = DB 5'] Numerical’
calculations carried out for a hydrogen atom[ 7Jsb.ow that posit-
ions and widths of regonances coincide with complex energies,

E‘f""”" mra £’ -2/7/2 , of the Stark quasistat:.onary-
states w « This makes it poasible to exper:\.mentally verify the
theory of the Siark effect in atroug fields. !

We have developed the enalytical theory of the Rydberg states
in en externel electric field applicable to any atom, see eqs.
{2)-(4) below. Us.ing 1/n~éxpansion we cbtained écaling ':_:"elsi’:iofis
for nearthreshold resonances which agree with Lthe experiment .
These relations can be use:d for idemtification of qhehtﬁm numbers
of resonances. S

If not specified, we use atomic uniis, I =-m, ®ew 13
B=Dn; 4D, +n+ 1 ia the principal gquantum n@ber, Tqy n?, m
are parabolic quantum numbers (== 0).

2. Bagic equations. When calculating the energies of

(n1,n2,m) states with n>> 1 and m << n, we use the WKB quanti-
zation conditions {including corrections of the order 52 (& Ty
GPUrOleate separation of varlables in the region &> tq 2) ana -
"hidden®™ symmetry of the COulomb £i eluw] If the separation
congtants are /5.,,2 while the reduced energy and elecltric

field are & . and P,
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then we get the equations
b)) o o) gt hio)] -

A%Q“fé:)f;ffzéf)%[fﬂfx)f b)) Ve, B
RVAS

(their derivation will be given elsewhere), Here
z. N . ; | mf[ /ﬁ ’=
& ;(—1)/5{['/5‘,_ 1§=/1~3')(/2¢'--*——-‘2 ) , f=1,2,

-{-_- J(/z,/zzm).

is expressed through gquentum defects/af ’
(0] for a free atom, '

=L

3’(’3;123/’2)“ -""Z (%€+2) (CJ’/‘/W é’m)/“f > {(3)

Jm (ne1)/2, ¥ = (n; - n, + m)/2 and £ , &2 » b ere expressed
through hypergeometric function ¥(z) = 217‘1(...; z}:

£a)= FF-F:2:2),

;@ﬁ}f’/;fw%ﬂkﬁ;f’/; fine),
)= FlFEi22)

{4)

The quantum defect 3- in a parabolic basis is due to the dif-
ference of atomic field from the Coulombd one, Ié (z)=- %,
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st &t £ e .« The ,appear&nce of the CIebsh-Gordaﬁ coefficiente
in eg.(3) is Bccounted for by the hidden symmet*y grcup of &
hydrogen atom 50(4) = 50(3)  50(3) while -Z, *_7 where L
is anguisr momentum &nd _7. are generstors of one of the S0(3)
subgroups. '

Since ALp sharply ‘dec.reases with & growingrw], only a
few terms remain in the sum (3) . isj@toticall’y fﬁz,fzzﬂz}v;:—-»o
as /z7 <= but they are not; 'small enmough &t n = 20 + 30 (see Table 1).
Tote that &t n flxed 5-(/2:,/22 /n) ere meximua for the nz-m-o
states, when '

| /fe é’)

5/”'1 00}-—'[/“ *Z(‘?Z’f}(ﬂﬂ) (/Zﬂﬁ (31)

With n, iﬁcrgasing and especially with increasigg of magnetic
quantum numbexr m, ;(ﬂ}ﬂa/ﬂ) rapidly decréase (see Table 1),
therefore the gpectrum qi’ ihese states approaches tha1.: of hyd_.ro-.
gen. o '

The' corrections disregarded in eqs.(2) do hot_ exceed n~? .
thus the sccurscy of egs.(2) is high enough for the .Ry:‘lberg
states. At é' — ¢ the solution of (2) egrees with the pertur-
bation series u;ﬁ to terms of the order G‘“? {see Appendix A).
However, egs,{2) alloﬁ one to conéider the. casé of sti~ong fields
es well, up to the (E values compafable to the field 11" an
electron orbit, £ *& ~ 7 . o

Thoug_h eqs. (2} can 'be‘so:_Lved numericslly, st n>> 1 it would
be natural to usé‘-‘l/ri-expansion. For statés witn ng ~ n 5-71 and

Do, ~1 we pet

E(”'ﬂ"'n)“c‘o*—é'v“ (,0 *fe*”‘zZ)*OKEJ}J . (f)
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Pe2n,+m+ i, Witihin R —> o=  the system {2) is reduced
to & gingle equation

5% y 2
Ce) = F(F-F52;5- /6'['/5) (6)

whose solution we demote by Ep = &, (FJ « It can be emgily
shown that &g monectonously grows ﬁth F, crosses & = (@
at F =« F, = 0.3834 and remains real at all F, @ <4 < oo .
Since P = F, is not a singularity for the function & (2%/

it can be expanded over integer powers of f = (F-F,)/P, ,

. o
e (F)= o f v o f v Ly fr ... (7

( €, = 0.9034, 3 = —0.0674, oC; = 0.0173, «C, = -0.0063,
etc). A%t the same time the function o (f'} kas a square
root'sing{xlarity at P = F,, see eq.(B.6). A sharp decrease of
coefficients a{e starting from k=2 accounts foi- approximate
- iinearity of the graph in Pigs.3 and 4. The properties
of the functions Q‘aé‘f} and]c'e ﬂ"} are discgsaed in Appendix B,
gee also Table 2. |

The next terms of 1/n—ex_pansion acquire an imaginary part at
P> P,, the terms of 1/n end 1/n2_ order in (5) being expressed
through €z (#7) and its derivatives, see Appendix B. Using the

above, we come 1o the scaling relationa:

E;(fmtz 2 _36d( é_),/-.(-’qﬂ:u) ﬁﬂ,r(ﬂg) (8)

where /z*=/z—;, POREN ”zz’ ) (/‘Z.—/?— =/’/{<’—)



. a5
):g[F) 9(/? *)(F—_“!){d
and B > 0. In the subthreshold region B < O we have instead of

(8):

Et(mfzgm) _ [ Er (/a é‘) +2 ((ﬂ /z., ) é)
a6, ?cr) [—adffvj

Fote that egs.(6) and (7) contain & single universal funci-
ion. & (7). which is determined by eq.(6). ‘The values of &ur
and o are g:\.ven in Tablie 2 and their expansions near FaP,
are g:wen in Appendix B. The. . sealing relaticns have relative
accuracy s /2% .

3 ‘Bga. (8) :I.nvolve . Bome relationah.tps which have been
earlier observed emp:l.rically baaing on numerical caleulations,
We note here the follow:.ng: L .
a)The Stark. level (n1n2m) :I.ntersection of energy E-O (ionizat-
ion linit with xo external field, £=0) correspondl to the

. following value of the principal quantum number n,

Jtéé *ﬂz

* 5/@@”‘), S )

where /r (23‘/9-1?) . 0.187 in atomie units and k=37.5

1£ electric field é’ is masured in kV/cm (here 7 s the
nmnerical cona'!:ant introduoed in B(4)). la usual, aeriea of
. resomncea ct fixed é ' n2 nnd m are experimntally observed '
'.(*1th ny e~ n>> 1, while B, @ 1), '



[
Formule (10) ig just the cage. The corresponding value of quan-
~44
tum number n, is n1( 28 -ké * ”""‘", g
6) Congider the slope of t_hg (n_,nzm) level at Bw0. In

reduced variables & , P - :
RN 2 T AV S .
f_.g{[_ Rer S5 féi*&.!_)
= ¢ . . ﬂ ,2-1 (11)

With increege of quantum numbers n, end m the slope decreases

AE p ey
77 |evo

which completely agrees ‘with numerical calculations (see Fa.g.j
A

¢) Numerical calculations show that for gtates (n-2,1,0) .

and (n-3, 0. 2} in a hydrogen atom the i-educed'energge d‘,’,,,g_,.mF

P (dnf,n
24£%F, " “are very cloge to each other in the reg:.on E o 0.

Por example, in Pig.17 in [7] the curves for states (23 1,9
and (22,0, 2) coineide up to the accuracy of the Tigure. Note
that the mbove states ]::m:-’e‘?5 agxdsame value p & 2112 +m+ 1= 3.
The explanation of the fact follows directly from eq.(8). At
fixzed value of é’ the position and wid’ch of the Stark states

with the ssme P ahd fen- P/E‘

{(n-2,1,0) and (n-3, 0 2), P -..3;
{ 2-3,1,1) and (n-4,0 ,3), p = 4;
(n-3, 2,0) (n-4,1 2) and. (n~5,0, 4) p= 5,

differ only in terms /45 etc. ‘On ‘the other hand for states
(n-m-1, qls’bwith m = 0,1,2...<< n, for example, we have P - m+1,
e n—(m+1)/2. 'L'hus, the values of 6 'and e” for them are '
d:.fferent already in terms N‘l/n. ) .

d) Since T is n - independent, for states w:,th glven quan-

2
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tum mumbers n, and m' the energy B (nynpm) must be close and
their widths proportionsl to p (at B » 0). This conclusion is
supported by numerical calculations (seé Pig.2 in £7] ). ¥nen
going over into E > 0 region the shifts between the energies of

(n,I,O,O) and (n1,1,0) gtetes rapidly decrease, while

R, G 0) . yg (e, 0). v (Res2:0) _ o
/—’ | _/" . '[” o~ -{." 3.f (12)

e) The resonance peak width at E >. 0 rapidly increases with
the energy increase. From condition =4f one can egtimate the-
value of n = n, (at fixed & ), for which the neighbouring Sterk
regonances become overlapped snd the structure in photoionlzatlon
crosg sections disanpears.

‘ In 'khe lower order in 1/n, one can read...ly get, using scal-
1ng {8) and linear approx:.matlon. €._—g (f'] oy f-ﬂ .

7. ,{5 +kg*.~”~§'{* _ . ?--'-_(10');7
where A = /é (L L )Jy k is defined in (10)and f, is the
root of equation f[{!—r-f‘/?)/(’!r f/ﬁ)] « 1 97 p~2 (1n perticu-
lar, f, = 3.09, 0. -574 and 0,235. at p = 1, 2 and 3). '

_ . ilence it is easy to gsti‘mate the’ numher_of resonance peaks.

A7z which cen be cbeerved in the .abovpthrtho-"d region:
Ak 8-’4 . where k, = 0 787 ([f+ ﬁ }V; =t ). For, exa'rmle
at’ & = 8,0 kV/cm we get 4/& 2 9 for (n1,0 0) states and d/2=1
:(‘or(n.l,I,O} states. These: values are in & qualltats.ve sg"eenont

with numericul caleulati ons{ 1
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4. The classical ionization threshold P, . Let us start

with the statea (0,0,n-1), which within /AR —» o= correspond o
the circular orbits of an electron in the plane normal to the
rield & . Using sealing transformation £ — 2°Z in the
Schrodinger equation one can easily see that n is amalogous to
ness, In!%pansion EFo = min , that corresponds to the
clagsical particle at rest at the minimum of effective potential
U(x). The next terms 81,) gz)--correapond to the zero energy fluctu-
ations around the classical equilibrium point and t¢ anharmonism
corrections,

Employing equlibrium conditions of electron in the circular

orbit, we get [11 112]

fo=- (T+32%) (1Y), F=c/2-2%)7, (13}

where &= (€ )>0 at P »0, Corrections <. and &, are
also determined analytically while the next coefficients of i/n
expansion <€¢ are found by recurrence ratios [ 131

It is seen from (13) thet at & = 1/3 or P = P, = 0,2081
two solutions collide. At P > P, the minimum in the effective
potential Uz /ZJ digappesars and the classical equilibrium point
moves onto complex plane, This ellows one to describe, within the
1/n-expansion, not only the Stark shift but also the width
/_'(A’a‘m) of quasistationary states (cf. & similar situastion
with the Yukewa and Hulthén potentials [14 i J.

It is natural to cell P, the classical ionizafion threshold
In general case 7, depends, whithin /A2 o= , only on ratics

AL m/n and & =72 /7 {with & » g #hL = 7 ). To caiculate



g

P, for the case ¢ =( one should put 2, = 7 in oqs. (2} (for more
details see ref;£1i]. ': We calculate P, for all states where
one of the numbers &, , #®» orlxz"is 0. The resﬁlts are pre-
senfed in Pig, 1. The wvalues of F, for arbitrary states'(n1,mg,m)
sre within the' curvilinesr triangle bound by the curves in Fig.l.
(see also ref.[jsl' and Tsble 4. |

. Until F < P,, the coefficlents & (") in expension (4) are
real and ionizétion of atomic states by électriélfield éz ig of
a tunnel character. AT P> P, the barrier in the effective poten-

2
e 4 no longer

tial U2( % )} disappears and the width VA
exponentially small. Therefore the values of F, 1s of gome inte-
rest for the theory of atom ionization by eleétric figld, parti-
cularly for the case of the Rydberg states, -

5. Comparison with experiment. Let us begin with subthreshold

resonances in 8 hydrogen stom. The data on their positions end
widths have ‘been published recently (1] . In Table 3 two seri-
és of guch resonances are'copsidered: with n1'5> n, and n1'é- n,
(in these casee m=0 which 1s explained by atom excitation by
lozer light with 2 -polarization ). We have used fwo calou-
lation methods: summation of divergent perturbation series with
the help of Hermite-Pade approximant (HPA) and 1/n-expansion
which is reduced to the solution of system {2). As is seen from
Tabie 3, the agreement between theory and experiment is good
enough{4) . ) _

In F;g.1 the energies of Stark resonances in a hydrogen
atom are compared with experimental specira of photoionization

(Perrty 2 )
£,

[4]. The values of . were calcu}ated by HPA and are

depicted by solid lines, a bundle of lines with the given (n1n2m)
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. : e
characterizing the width of the level Vel Poa o) « The experi-

mental spectra are taken from L 4] and correaptond to & -
= 6.5, 8.0, 14.3 and 16,9 kV/cm (from left to right in Pig.1).

In Pig.e. scaling (8) for Ez._(ln.’,n'zm) is verified. The expe=-
rimental points: O « the gtates (n1,0,0.) in a hydrogen atom[q']at

& . £.5 and 8.0_- #W/em; 0O -~ sgeries (n1,0,1) and (n1,1,0) in
a hydrogen atom“]; 4+ = the data for R‘b[ﬂat é - 2.189 kV/em
(the left four points) aﬁd-also é = 4.335 and 6,416 k¥V/em,
*-states (n,,0,0) for Na[2’3], & = 2.15 and 4.46 kV/cm.

One j‘mportan;s point should be noted which is essential when
treating the spectra for Rb[ﬂ. Bxperimental points fit the uni-
vergal curve <o (ﬁ) © in Fig.2 only when the value of

J (n-1,2,0) is taken into account and the values of n given
in ref.[ﬂare inereased by 1, Otherwise we- get points A | in
Fig.3a the distance of which from the curve <&.» /f’j ig far off
the experimental errors., Such & chenge of n is confirmed by
comparison of our calculations with experimental photolonizat-
ion spectre near £ « Q. Thus, according to eq.{10), n(°)=31.8
at & = 2.189 kV/om. On he other hand, as is seen from Fig.6,
the ionizetion limit & = O (/\ - 2967.52 ) corresponds to n =

{11

the ugse of 7 (of the 4-th order in f ) in identifying the

= 30,7 = nlo) t, The error in ref."- “results, apparently, from
peaks of subbarrier region for a _hydrogen atom while in the Rb
case the quantun defect correction 5(/2_, 22,/ } is éssential
and should be taken infto account. ‘

Fig.4 illustrates the validity of eq.(9) for the subthreshold

Stark resonances. Baperimental points asre taken from refs.

[2,4,5]

and are recalculated in the following way:
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. (g ry 7
§ =2l B el - ()

P . {14)

If &q.(9) would “be exact “then ‘the correspondlng points depend-
ing on varisble F ghad to flt the universal curve écf (F)
ﬁp to A~ ‘I/n2. Ag is seen from _r‘:!.g.ti, tn;s is just the case.
The notations are the feollowing: '
O - states (n1,n2,0) in a aydregen étozﬁm:\at g = 16.8 kV/cem.
Here 10 £ mq £ 17 and 4 Zn, =z O -
o - states (n1,n2,0- in hydrogenm]at 5 = 8,0 kV/cms -

15 $n1$21, n, = 0 and 1.

2 . .
+ - states (n;,0,0) in a Rb atom[ﬂ‘;- E < 2,189 kV/ em,
ny = 19 324 (left to right).
¥ - states (n,,0,0) in Na&l. = 3. 59 kV/czﬂ and 1 =23426 ,
' Tk':e quantum numbers Ryl of some states ere shown in F13.4.

4
cide within the accuracy of the  figure. Thus, relation {9) is

Hote that the points corresponding to fixed n_ and n, =03+ 4, coin-

experimentally eontirmed.

As for the width of regonances, at F > 0,45 the experimental
peints fit rather well the universal scaling curve eccordin;r_;
to ey.{8) but at smaller F there is a deviation from sealing

(see Pig.5 where points O, [] and ¥ correspond to
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p=1, 2 and 3). We shall examine the reason in the next section.

6. Barrier penetreability correction. So far when calculat-

ing the position and width of regonances we have proceeded from
egs.(2) obtained from quasiclassical quantization conditions.
Here the width of the level is identical zero wp to F < Pu
though in fact it is not zero because of the finite barrier
penetreability in the potential U,c (?) . It can be shown that

the sccount of the effect resulis in a substitution

W= Y~ 2 )

z L ¥ (15}
in eqs.(2). Here

%
a £l a1 (Z- 5L £) G

z<? <7 13 8 subbarrier region)and, in 1/n-approximation)

P €. /"(%u'a)

Palz¢ = = tn - s ~&lea ra, (17
/2 %, 27 /"/f—e'a)(:t,‘e -a )
while in ‘I/nz-approximation, i.e. when the terms F/8n2 in eq
(2) are taken into account, '
Sz, =% (a)- (17

(The derivation of the equations will be published elsevhere).

A E 2O e get

a = ;= 21‘7 J,a En 7+ 0(f)j > e (18)
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L p ¥ &3
%(2) * zr0 aF "’0(5&")*75—8 A ee o (19)

(lal+o= , A&@ > 0 ). Therefore egs.(2) and (15) go
over, up to terms ~n"i into ususl gquasiclassical gquantization
conditions while the account of pure imaginary term in (19)

determineg the width of the level:

(72, 272 ) - 7 . -.ZJ_EG: ~ =0 —j‘i’g_
£ = Zans © = Amm £ €77,
3 (20)
~ e p

—= 3
/l_zs-m-v-f

4 = . f’_’f) ..
72,78 AL 2xd 84. (720 +_2{)44-»f (,22 +m+é’j

P *® 2n2 +m o+ 1, Note that the exact threshold behaviour of
oy e}
width /—' at F ->0 functionally has the form (20) but

17,1
the preexponential factor ILS[ 7 8]

: 7 ST S,
A gt = —“"—"( }a‘: (/Qfm)\/ (207)

5qs,(20) and (20') differ only in substitution of factorials

by the Stirling formula, namely,

-}é;”zm /*‘fa,n.am = “)K/ZJJ“’(}"’*M}, {21}

x'/ 0..930' x =0
. Fd .xv_:.! = 0-9?3, x = 1 - )
Vzuc(f:'_'_&)
e T= 1 7 4 beey, x>

Y

wix) =
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Thus, in the region of weak fields the correction (15) allows

2T 77}

one to find /-' with high precision.

Note that at m=0 the integral {16) is calculated analyti-

cally 8) H

3
o - ﬁ,ﬁ(__)_ (1-8)f£ (2~ :,), (22
2% fF -
wherea}afﬁt‘-%.‘“ and f{z) is defined ir (4). The fumction #Fre)

entering eq.{15) has singularities (besides @ =0) at
& = (ﬂ+ E{)Z y 0= 0,1,2, ..., (23)

' which correspond to poles of the scattering smpliitude for a
parabolic barrier. Indeed the solution of the Schrodinger eguat-
ion with V(’x)_—/ka;x/? can bé expressed by the parabollc

eylinder funct:.ons

% = coms? 2‘“ % (A?%e—‘x//;’g) =
o~ _; ~der - é a,f-/ _
(1) TSR AT e
i ~24 785
356 ’ ) eg , f—p-ﬁaﬂ

where x = /,{/m;:a)%g.- y, = z'e‘mj and,
_ == B e, Using the standard formulae for the msymptotics
of ,3,, [,3') we get : o
(2__ T2 .z e_;_—,a (/J“a,/-Z)
Sl sal 1+ enp - 2ma)] e




15
Tt is seen from (24) that the reflection amplitude A hag poles
ét the points (23),._-1'.he wave function :L__n this caée:'beins'

On the other hand, at a: = - (iz*in the amplitude A ia i‘im.te.
The presence of poles of A. at ‘these points would contradict her-— '
mitlcity of the ham:nltonian s in this cage the quac\ratically
. integrable -wave_ functiom; would exist (ll ) 0)

% =f" exﬁ(zf‘/z) g»-:m e

' corresponding to the complex enargy eigenvalues -a(z }fd
‘T Kumerical calculations. ‘The system (23,  (15). for m=~0 m-G was

_solved numericall—y (expre"s:Lon(ZZ) for @ was ‘uged},  The re- -
sults of caleulations for (n-1:,0 0} states with ne=20 and 50

. in a hydrogen atom are shovm in Pigs.ﬁ T+ The notations. curve 1,
.corresponds “t@ the solution of eq.(2) neglecting the barrier .

' penetr- abilxty (t.e. V=== I/‘Zfb ), curvea 2 apd '3 - with
“the penetr a‘bility taken into aocount i.e. ¥y accord:mg to
(15). Besidas, curves 1 and 2 correspond to 1/n~approximation

- (1.e. in eq.(a} the terms P/Bn weré omitted.) and curve 3~

to 1/n -approximation. As is seen from 4he rigurea, _the barrier

penetrsability j.a of . principsl importance at ¥ LP, . In the

. _region P > F, ctu-va 2 (and particularly, 3) rspidly approa-

] lches the curve é.‘,.., G"’)) whieh 1a calculated neglecting pene-

' treabiiity. ‘l'herefore it is poasible to use here the- simplest A

i‘orm of Vn-expansion without barrier penetnabig.it/y correct- .

-ion.- : :, R
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Thus, numerical solutions of system (2}, (15) provide correct
interpoiation between the region of fhe weak field and the gecaling
region ¥ > F, . The validity of ihe resulta obtained can be also
confirmed by comparing them with the values /7 ™7  itai-
ned by HPA. Thereby one can dvércome the difficulty arised earlier[14l
when deseribing quasistationary states within 1/n-expansion (in
the region prior to collision of classical solutions where 1/n-
expansion alweys resulted in the gzexro width of the level),
As for the barrier penetreability effect on the lével poglit-
ion, it is small {see Table 5). It should be emphasized here that
the account of barrier penetreability essentially siabilizes the
calculated values of energies: the difference between 1/n and
1/n2 approximations for C’,,: = Ae & (et 200 is not more
than 0.5%.
let us compare the results of the c¢alculations of widths
/_' (n‘ﬂam)( g) with the experimental dsta. Nowadeys,
the data publisbed inEs]for states(n1;n2,0) in s hydrogen stom
refer only to the subthreshold region. Note that resonance widths
are not yet reliatly determined (iﬁ particular, for asymmetric
resonences two possible values of /ﬁ/? are givenr5j). Theoreti-
cal egtimetes of /-—,(n_,/z,,m) (5) © was made according to
gystem (2) taking into account (15) in 1/n2—approximation. The
regults given in Table 3 show that as & whole there is an agree-
ment between theory and. experiment though the accuraey here is
less than that obtained for the résonance positions.
8. Thus, the agreement between theory and experiment lesves
no doubt ag o the feact that the cbserved peaks in the photoioni~

zation cross sections correspond to the Stark quasistationary
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states {(both in the subthreshold region, B <0, and 8% E > O,
while / <4£) The .;pvo}.ication of 1/n—expans:|‘.on possessinv
a8 high degree of accuracy for the Rydberg states ‘méde 1t poss:b—
le to obtain scaling relations (8),(8) for the posltlons and
widtha of the Stark regonances for an arbltrary atom.

relations
-Scallnf\ {’/gree well with experlment and can be used to
identify quantum numberg'n1n2m, When qglqulat;ng‘thq level .
widths in the region P.S'P* it is egsential to iﬁtroduce correct-
ion for the barrier ﬁenbtreability'in quasiclasaical‘quantizét-

ion rules,
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Appendix A.

Bquations {2} and PT

In the weak field region we get: £~ ~ 7 and Z. .+ O .
. . Y :
Introducing variables Z =/€- F— &) IR . let us rewrite eq.

{2) in a form more con*_wenient for itef_at:r_.on at P+ O:
&% Pl@) r o (et ) Ve -m K]
o Lz _ (A.1)
b=t ) - (ad) [p)-mAE)]

7 - .
where z; = (~1). 16 P ‘t:__,L(t.r + t2)3 for i=1 and 2,

Gt | ¥ gEIHE), K= AEFE)  a

aind functions f,; and h ere determined in (4}, where

-Z t‘.
E=-/%74) R e (4.3)
Taking into account the expensicns
- = (Gh-1)Y s, )% -
%)= S § B Z 1
F8)=Z gholld) 1 R e 4
. FF .
ge)= 1v iz 2 g 2 s s
Al2)=1+ L P BELL NP 5
ER 702% -

‘we find
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=z- % ey e Fes Jrx s
s i ﬂ?"”‘ > L e o .
= =4 ¥4 £ )
A=z~ FEr et

-8t z => O.Now eqgs.{A.1) can be easﬂy solved by 1terat10ns. The

) &)
inrtial approximation 1.9 Z" = L & =K then we

st 2 =3+ (F 4~ Zo)A e *‘?V‘_-—C‘-’:‘?Z!-. Ga? ),

csz‘

CCm et GRS - ;,—ﬁf;?- deT- 2y 285 )]

2

Ae= 25 Llafrat). 22070,

2 Azt =L z
f e (1= "-6‘_?'57.—*)’;”"“ (A.6)
Here WV = (V2 + ”“-’)//z R i A TN COT SV Y
Ll = m//z« "; and the serles for /52 é"’) iz oblained by '
substititing 1 ;5-.4 o, & > —x and &7 - F' . The
last expansions con_ncld'e up to 1?2 w:.'!:h the PT seriea for a hya-
rogen atom[ 9,20 ] Hote tha'l: at z - 1 functlons (A 4) have a

singularity f{z«) remaning finite at z.q.=;
Fe) = Al1 75 5%y » 95)] o
1) btl§ - pagecn]
Al)=-FAlny+r OF),

where y = 1 - 2 »0 and A = 272/ 22 u 1.2004

[}
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Appendix B.

Rewrite eq.(6) in the form suitable for iteration at P =0:
?=;/—I€FZ'—‘)_, Ear //—’_)=-—Z“a‘ (B.1)

where f-function defined in (4) . If variable Z°= & /¥ }is found
up to terms of order FX, then £ z* is lkmown up to FXTV
As a result eg.(B.1), with expansion (A.4) taken inte asccount,
allows us to find the (k+1)-th coefficient of PT for g (& ).

Finally,

Fat-3/2F - 1/4F% - 395/16 P2 + ...,
(B.2)

Eot= -1 + 3P - T/4 P2 & 33/8 P> - 465/32 F* +

+ 1995/32 B0 - 77 027/256 P° Q

¥ eee =9 724 330 239/32 768 P19
+ oeee
and, for instsnce, the coefficient at PP is =~ 1.937.1039 .

The value &ep (/) grows together with P and at P = P, vanishes,
Set (F, !-) =0 )

. R 27\
P, = [ 1/2 F(1/2, 5/2; 2 3 Y2) T - For ) - = 0,3834, (B.3)

shere 7 =[F/é}/ﬁf;,i}]i 8.753 757 ... &t  F Z P, a.(6)

becomes inconvenient, Putting ¥ =€(€$Z€F’).gand using the

Kuumer trensformation one may transform {6) into
Eg(P) = 4 P72 y(1-53)"V2
4 (Ba4)
(-9 Y4 B (172, 5725 2;(e2) = 2 B4,

vhich gives &» (ﬁ") ﬁarametriéﬁlly (—15?_<,{) .
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. Hentce it im: clear that the point, y=0 (i.e F=PF, (‘[ O) ):Ls not

alngular and écf (F) remnains real at all P. At F close to F*) .S "

may be expanded into peries (7) and

z ] . : .
R . - 4 r
of - —_— = - —_— — - - -
o grF =00, o= (7 75 )= o051,
' ' ' (8.5)
Ay = 3/32(-1 + ’]”2/216' + 7 /6919). oL = 0.0173, ...

and - is a constant defined at (B.3). Fast decrease of (.afki
with gowing k accounts for apprbximate linearit_y of ! (P)
within 0.3 <' B (0 8 which is clearly aeen from Figs.2—4. L

f1al

Accord:.ng to symmetry relation

E("f ’*)() ("‘k )( g) (3.5}_:

the function 5“. (F) at PO corre'sp'onds-to (0,n~1,0} .s-tates
With F >0 and h —> o0 .« Therefore, it has sirgularity at F =
- <P, (0,1)= =0,129, Due to this, series (7) comverges in the

ifégion ’

I,é’[ <1+ 11,5&1,1; | -.1-339 ,
Lk £ s/

Consequently, o&i (/3("') a zéﬂ .

=1/1.399 T 0.715. - S N .

Punotlon Tﬁ(F) entering (6), at P -—;-F ha a square oot

" Eo)

at f""’ where d_ -
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72

o (F) = [ 8) Z ~ 4] e |
- a{"‘fé'[ f+hfre T(Z-'f"“'l; 9@-) (5.9)

gingularity:

w_vhere 1/ i .
A -
a = rz/z'(3_’") - 1.288, b = 31/48(1-5 - ;-"/496) -

. 0.147 , ¢ = =0.0399, ... C (B.9)

These formulae can be used when calculating EcC N 7:5
et ® 2’ F, . The accuracy of approxi.mation is increased if the
corfesi)onding PA’A:f/{l ‘is used instead of three terma of a
Dower series. | }
~ In conelusion, let us give asymptotics of écd (F) at
F-—) ¢ . In this case y -1, and taking into account that
P55 2,0 ) = 2y (1Y) <
. 2 31‘(4"}') 1

S(tn2-£) + O((f‘@ fkﬂ’ﬂf)),

we get . L
%! -1 ~t% -
5., (F) = (35°F) _3’['[4-9[‘ Inf +c F o+ 0[;2,,)_1
¢ = 3‘.’:- (3ﬂ""¢i 0,0355 i (3.10)

-9 B, 3
- - = = 0,367
¢, _(3f) (f? il =3 &53'-!-2)
Table 2 for gcé s 7:.5 vas calculated using suamation of

PT series (B.2) with the help of PA's [UL}(F)_
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For {0,n,,0) st.a.te's';.'with h2 - n =1 7}5’[ and F""‘ o2

z/-%c.s

6(F)—-(3rF) e {{4_ o(r fuﬁ} o)

The cer-esoondlng fo-mula for (0,0, n—‘l) states is= eas:.ly obtained
ol : 9. z
from eq.(13). Iet w= 1 - Z’ R then€ —3:( "‘f“ 5( F

, . (,l’
If we substitute . & = /3;‘% ™ then

' | n ..-.'-,,'i.’ : 1/ s
=,{+,\am '-_e,:_j‘e__ Ff/’/és $42%),

. u‘/g -2/3_
where F 0 and z —» 1. The above equations are

convenlent for ‘me appllcatlon of Lagran,_,e s for'fula, well-mo«ivz

from the theory of analyta.c functlons. Flnally, we get

—cnf3

2 -2 S
60-:36 FS{/" ‘{fF ___4;‘ '-f“_f_jf;(B.m)'

where dk [_ (ff é/x'fl"(” k)l i%’-’-" z,/

In 81l the eases at hand the lesding term of 1/n-expansion 6 1% /-"/
at F-’ oa s but the structures of these expansions are
ai fferent, compars eqs.{B.8), (B 9) with eq. (B.10). Fote that the

imeg'inary part of éo (F') is zero énly in the case (3.8).
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Botes

1) There are a few moTre papers dealing~with calculations of the
Stark shifts and widths of & hydrogen atom in strong eleciric
field , 465"*1 However, these calculatlona do not pertain to
those cusges (namely, n,~nw 20440, n2 a_nd ma~1, FrsF, ),
where a comparison with experimental date is ﬁossible.'
2) Here €5 ims the atomip core radius; héreafter we agsume that
t, << ; ~ % for the Rydberg states.
3) Por hydrogen fq‘ - & (n1n2m) % 0, Due 19 spin-orbit inter-
action quantum defects Ay depend not only on £ vut slso on
the total‘ﬂpgular moméntum J, though this dependence is not
essential [101 . We aééumed, in aceordance with statistical
weight, . o

g = K (o) i+ eaz ]

where /6;- ;,l?'z a't'/'=£r-§/z .

" Hote also that at /2 — o=  and fixed n,,m

Sruram) = 35+ 0(%), ¢ = Z(2ts)

However, this asﬁptotics 1s egtablished ra_t'herl slowly, and .at

n ~ 30 an exact Tormula (3) must be used. _

4} We introduced heré a correction for the barrier penetreability
according to 2q.{15). As follows from-the Table given below, the
ef‘fec_t of the correctlon changes the position of resomances by

=1

lesa than 0.5 ca ' which is amaller than experimontal errors

(the numbers belong to & hydrogen atom, & = 0, at &
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= 16.8 kV/cmy in column I the correction 1s not included, while

in column II it is ).

(n1ném) n S - ﬁr(n1n2m)’ cm”T

‘ I _ II
17, 0, © 18 58.41 ' 58.01
6, 0, 0 17 | 122.66 123,14
15, 0, O 16 | 196.44 196.63
14, 1, 0 16 234.82 235.16
1, 3, 0 15 384413 384.39
10, 4, 0 15 | 418.71 : 419.08

On the other hand, when calculating the widths r‘(k‘k”ng
the effect of this correction is extremely important and must
be taken into account, that is thc case in Table 3.

5) Experimental values Er(n1n2m) have errors 2cxr_z'1 [4’5].

Therefore, two last digits in Eexp (Pable 3}, apparently, should

be neglected,

6} We have checked that eq,(10) ig in agrecent with experimen~

tal spectra for H[4'515nd Nafz].

71}0n the other hand, if expérimental data in B € 0 region are

treated according to eq.{8), then deviations from the curve
é}ftiif}considerably exceed experimenfal errors and rspidly

increage with the growth of p « 1,3, ... 3.

8) At P-»0, using PS and eq.{4.7), we obtain from (22}:
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= f-(f-a-)F - Q(F*)

a;= {3[74-([_&.)&:;,—
- [J.ar + (F-2)Lr3r 2~ {_{—z))}f }

Hence it follows that formula

ni=a)
/-.-//z,a.zo) . L 8...2.&2 ) 6‘;“ [ Fe 3 - . 2n
2x7* 2z | (7 )/"’ = (5% )

15,16
differs from exact asymptotics[ ’ ]

(72, /25 02 g/ "
a e "ﬁz 7 ( ,) ( L =0

only in substitvting nefﬁccord;ng to the Stirling formmuls {hore

P2y + 1 en(1@), teo=(n,+ Y20 (1)/2).
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Fig.5, Scaling (8) for the widths of the Stark resonances (a

hydrogen atom, & = 6.5 and 8.0 kV/em 41 ), The
-l /“' {n an . 1
values 2",;,41”,_ =p 0 1 %) ere plotied along

g
the ordinate exis ( B = n, + mtl= n -p/2, /-'(

the width of (nynm) state in Stomie units).

Ra72 ]

(5) is

O (nh Or 0-)

a (n,,01)

v (n,%9)
C10 F



*{SL€'0 = "4 ‘0z = uw) saywaE (0°Q¢ L-u)

TwF ¥P  uo 30a53e A1rrTqeayewed JaTIleq ayy *o*BTL

i I

or0  gE0 96D 4D z07 05D 82D

34

IQ\

_ - AF
0z=w |




35 .

*{1vcto =~

« *4) 0G = u x0F ‘exidyy Purpooexd ouy Ul ev duws SuL *LFLI

953




The

36

Table 1

quentum defects '3 (/2 72) in parabolic Basis for

rabidium, 2=37.

2 (2:,0,00 (4,1,0) (#2,,2,0) (#2,,0,0) (/2,,0,2)

8 | 0.840 0.594 0.435 0.3i7  1.25(-2)
20 0.768 0.561 0.421 0.275  9.29(-3)
25 | 0.633 0.491 0.386 0.204 . 4.91(-3)
30 | 0.5  0.435 ° 0.355 0.160  2.90(-3)
35 | . 0.468 0.350 0.327 0,13 I.88(-3)
4 | 0.414 0,953 0.302 0.III  1.26(-3)
50 | 0.336 0,296 0.261 0.084 -

C of
Footnote. Hereafter the ordei'ﬁagnitude ig given in

brackets: 1.25(-2) = 0,0125, etc,
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Table 4

’ A% 2 AR £y
10 0.2895 23 0.3200 | 35 0.3323
I5  0.3054 | =24 0.3214 | 40 0.3358
17 6.3099 25 0.3226 | 50 0.3412
8 0.31I9 2 0.3238 | 60 0.3452
19 0.3I38 2 0.3250 | 70 0.3484
20 0.31I55 28 0.3281 | 80 0.3509
2l 0.317I 29 0.3271 | 90 0.3530
22 0.3186 30 0.3281 | 100 0.3548

oo 0.3834

Pootnote. Here we give the values of the classical

lonization thereshold /7, for the states with

ne0 (% =23 = £/2n, =1-27).
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Table 5

: n-20 S n = 50
F 1/n 1/n? m im®
0.20 | 0.4828  o0.4831 | 0.46308 0.46309
0.4830 0.4831 | 0.46307 0.46305
0.25 0.3663 0.3663 | 0.34048  0.34057
0.3668 0.3670 0.34054  0.34057
0.30 0.2549 0.2570 | 0.22169 0.22192
0.2562 '0.2566 0.22186 0.22193
0.35 0.1508 - 0.1574 0.10793 0.10935.
0.1490 - 0.1488 | 0.10768 0.10775
0.37 |"0.1084, ' 0}1162“,A»HQ1?§333 0.06586
0.1063 0.1058 | 0.06263 0.06252
0.38 0.0870  0.0962 0.0408 0.0436
0.0849 0.0843 | 0.0401 . ©.0399
0.39 ©.0654 0.0757 | 0.0181 0.0210
0.0635 0.0628 | 0.0176 0.0174
0.40 0.0437 0.0537 - L.
0.0421 0.0413 - -

’
Footnote. We give the values = £,  for {(n-1 »0,0) states,
caleulated in 1/n- end 1/ n_z-appz-o:d.mations.
The first line - without the barrier peneirea-
bility, the second - including it.
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