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THE STARK EPPECT IN INTENSE PIKLD FOR THE RYDBERG STATES: Preprint
ITEP 89~61/ : :

V.S.Popov, V.D.Mur, A.V.Sergeev, A.V.Sheheblykin - M,: ATOMINFORM,
1989 - 36p. )

The Stark shifts end widtihs of .atomic states in an intense
electric field & are calculated up to h_’gf" 1., Two indepen-

dent caleéulation methods are uged: summstion. of perturbation
series and 1/n-expansion. The secdling relations for nearthreshold
#Stark regonances with qﬁantum numbers .n1 ~Arn oyt n, and m 1
are obtained ﬁhich ere in a good sgreement with available experi-

mental data for hydrogen, sodium &nd rubidium.

Mg, - T ref. - 29

(©) Uncraryr reopern B OxcnepmMmenTMiNNOA uanxE, 1880



J. Nearthreshold resomances in atomic photoionization cross’
sections in the presence of strong electric field heave been
investigated ir many experiments (see[1“613nd references therein).
The energies and widths of these resonances coincide with a hig.h
degree of accuracy with the complei energies E(n‘lnzn_l)-E -< r'[z_
of the Stark- quagistationary states‘-—?'al. To calculate them we
use two independent methods: summation of divergeht perturbation
theory (PT) series[9'10]and 1/n—expans;_;x'13_2 e basic results of
our computations for the Rydberg(n >>1)states ina hydrogen atom
are discugsed below, Using the qugntum defect method(-13’1ﬂwe
generalize the theory to the Rydberg states of an arbiﬁ:ary atom
in & strong field (up to values é ~ k,-lf cemparsable with atomic
field at the corresponding electron orbit) and obtain s;:aling
relations for nearthreshold rescnances. A1l the resulis can. be
verified experimentally. .

If not specified ~we use atomic units, f{ =, -:"€=.’f,
and reduced variasbles .

zE-("r*z"): 6/ L éghlr(‘"f’i”‘)

—c €&

p—_-,.ﬁ’sl € =2k

Ry, and m are parabolic quantum numbers (mz, 0))n=n1+n2+m+1 -

the principel guanium nuuber.

2. Summation of perturbation series The PT coefficients €;é

for the Stark problem'in a hydrogen atom,

e - 5, P
feo ’
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can be readily cbtained using the recurrence relajtioﬁs 55“181,
€uaFey éﬁ up to k=160 were computed for the case of .gound
stateUel. The coefficients éf_ grow factorially at ﬁ -» o2
and therefore the series (1) is not oonvergenf but only asympto-
tic.

Different methods were used for sumation of divergent PT
series in quantum mechanics _(anha.rmonic osc¢illator, the Yukaws
and funnel potentials ete.), namely Padé approximants (PA), Pade
-Borel iransformation etc. An additional diff;iculty arises in
the case of the Stark effect: the constant sign divergent series
are to be summed. When calculating the energy E(n‘inzm) using the
coefficients 6((":'&”'-) we consider the iwc states ]hfff‘_ﬁe> and

(h?. n, B> simultaneously, and define the functions

(1, ») (7, n 1 . = ) 1, ;
é+(F"):if[€ YR+ e )/F/Iu‘zég: ek

: $=e (2)
) 2f_ 1 E("‘f"fﬁ”‘} -l é.(”xﬁr’*) , _ (7 5) 2
<- (F)-EF[ ' ([) (F):( Z Got'-f-f Ff

wirich have an essential singularity at F=0 and ‘the cut 0<F2<00
{7 1y ) 2 z

(rote that & [F') - €, (F)‘\"/’_‘E_ (p) ¥

In this case the Hermite-Pade approximents (HPA) appeared
to be an effective method for summing PT. The HPA value ;(quf
= [L)/V)/VI(Fﬁis the sclution of the equation

F

21 . 2 2) = where P Q.. and
R (F)=Qu(Fly +Ry(F) g "= O vheme 7y s G and 2y e
polynomials of degrees L, M and N. Their coefficients are uni-~

quely defined by the condition
1 2 (L+t+t+2)
E“QME:ﬂ#@,-(G:) =O(F o
. F— d,
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where 62 (Fz) are defined by the PT expansions (2).

We computed usually successiwely HPA's (I,L,I1), (I.+1,L,L).
{I+1,L+1,L), etc. The study cﬁ‘ their convergence with growing %L
hag shown that the numerical values of HPA stebilize at L=10%12
and the acecuracy 10'3 + 10“4 in the energy computation is
achieved (up te P £.0.3 for the ground state | 0,0,0pand P
for excited siates). In this case 6 L + .4 ~ 60#80 orders of PT
are introduced inte computetion. In the weak field region this
procedure defines the imaginery psrt of the enetgy, e’:l:: fzz(‘("’f"zm)
only when it exceeds 10"8' + Por further calculstion details see ’
refs.£1o'19]. ‘ ' (n.,frsz)

The above method made it possible to compute E.;
and widths (—'(kfﬂ?-m) i‘or different states ‘JLU 7, #e> of a
hydrogen atom (the results obiained can be found in refls. DO’“’
19}). As an illiustration we give in . Pig.1 the trajectories of the
Stérk resonances in the complex plane of the reduced energy
<= €/—r:<‘:' ” Tor stetes with n=1,2 and 3.

"~ 3. 1/n-expension for the energy is-

(1, i) () <€ @« € @)

€ ( ﬁ') - € 7+ e -+

P (4)
The first term E('a)corresponds to the A+ & limit and cen

be calculated with the help of the.‘-‘-’lﬂs metho&BoI. The computat-
ion of the coefflicients sz) {for (0,0,n—1> states{which corres-
pond to the circulioer electron orbits perpendicular to the g
direction) is reduced %o the solution qi‘l algoebraic equatrions.
Phe firat coefficionts 6&) ' é(ﬂlnnd E{z)\*fcl‘e oﬁ*tained ang~

lytically while the next € were computed numerically
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by recurrence relations[ml. While the PT coefficients €
start growing frbm k=0, t‘h_er 1/n-expansion coefficientag «)
first decrease by 2-3 orders of magnitude (up to k~ 5) and
begir to increase only at k 2,10. That is why the series (4)
can be summed with a higher accuracy than the PT serdies (1),
egpecially for the Rydberg simtes.

For ihe m=0 stetes the integrals entering the Bohr-Sommer—
feld guaniization condition can be calculated analytically. We

included alzo the correction due to f:l.m.te barrier penetrability

—-f’
in the effective potential U{Q} - }; . 4‘32 ____.’fé’? + The
Schrodinger equation near the barrier gumu.t =% ( - _‘9
m (7%

allows an exact solution in the parabolic cylmder functions,
which is matched with the gquasiclessical wave function at

?< ?h , while with 2_, oc  the solution goes over into
an outgoing wave (the quasistationary state). As a result, we

1)

zet the equations

B = G)*%LJC(E{) =%,
ﬁz['é)-ﬁjcfzz.) =Y~ - T/‘LJ FS)

gl

where ﬂ are separation constants, ﬁ,{-f-/gz f V'_(ﬂd-}.)ﬁ'
=(-1)164; Fle®, 1= ant e, £fa) = (%, %5 2 2)

is 'the hypergeometric funciion,
A -
(=

7(2) = +a(f~tha) @7

and



a = %—S 4/)74;/% E ;i{fz ) ({-‘)fﬂ 3)
%, .

_ 6)

{ é < ? <:' 57 is the subbarrier region}. % h 0)

Hence, the well—known PT expansionc15.lfor é h(
follows from (5). In this case & - o°

y73 +m+1 :

2 =2+ 2 g F 4+ 007), -

3rfF FXs . . A7)
‘f/“-)=522 * Zetoa’ 2 AR

Taking intc account exponentially small imaginary part of 30 t?-)
in eqs.(5) one can easily obtain the weak-field behav1our[14' 5-]

(-,(nflt;_m) o (Z/Z +”?-1“f X/b( zn/jl{') at ¥ =0,
gee Sect.3 in Appendix A,

At P £ O eqs.(5) can be ‘solved only numerically.

Yary exuct numerical calculations of energy levels and
widths in a hydrogen atom haw-ze“bee'n previously made by Damburg
and Koloa-ov[.21’141. We compare the values of 4 = (—-,zgz)* a2nd

r’ obtained with our methods with the corresponding values

from refs.[21'14;lf«)r scme states with m=b,‘ ny=n, = (n-1)/2

2
{see Table 1). The agreement between all three methods is very
guod that, in particular, confirms the chosen summetion proecedure
of divergent PT scries.

_4. For atoms other than hydropgen tlie poiential V(r) differs

from the Coulomb potential at 2 = ZQ which is nmch less
_— S
than the mean radius of the Rydberg atates 2 ~ A ( 2:1 is

the radivs of atomic corej. Since the Siark shifts of the atomic

levels congiderably exceed thie fine struchure gplittingsa, N4, n,



6
wid m are geod quantunm numbers. In the Coulomb field there
exigts the well-known "dccidental™ degeneracy of states
{ ‘ﬁ » 0,1,.,.n~1) which is described by the hidden symmetry
group 50(4) SO(B)@SO(B). Its generators are the angular mo-
mentum I. ani the legeﬂLenz vector A while "5 ([-r "—14)
are generators of both S0(3) subgroups. Since L = +7
the transition from the parsbolic basis ]n1 2m> ’co the sphe-
rical onefn. f”f—> is equlvalent[231to the coupling of two angu-
lar momenta }( = (h—f)/.?. . Hence

S(n, ry ) = Z (15*0 (Cy/"l-—ln (;g)f% (8)

where f(e are quanium defects for a free (g 0) atom,
J = {n=-1)/2, U = (n1-n2+m)/2 and Cg M Lime are the
Clebsh-Gordan coefficients for the S0{3} group. The values of

(l.(ﬁ. ares tabulated and sharply decrease with growing £ 3
therefore the calculation of 8(r ryme) 15 not aisticuis D .

Purthermore, for the states of interest (n >>1, n, and

m <L n1J the centrifugal energy can be excluded from the quasi-
classical momenta fb; F'? by substituting /2, +% - ho )
into quantization rulesfzq'](tne value of }/" depends on the
behaviour of the potential V(r) at the origin; in our case

7"' = (ﬁ*—+1}/2s see 1“31'3-{24'25']). As a result, we arrive at

eqs.(5) with

=(4";{‘)(’z€+%,ﬂ)/& (9)

and 0 = ‘Y(k‘f " m) . These equations are valid for the
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Rydberg states of an arbitrary atom,.

5. Scaling relations. 4t /220 n, and m N‘l"eqs.(s)

are reduced to one equation .
(»— F(/?;% -féF'/E),-(w)

-the solution of which is dencted by éc( (Fj . The initial terms
of 3/n-expansion (4) can be expressed through the function écd’ (F)

and its 'derivatives, €.

_P{(f zpﬁ)e +[f/ @F)( cz)é§

=2y thet,
Uging these formulae we may obtain the scaling relations for the

nearthresheld (B 270) resonances, Above the ionigation thresghold,
E >0, we obtain:

N2 . “ f"z"‘J
ENE Le 9, T L e o
I

whereh._ff.-f--—*—"‘-—tr Py = 2~ “’V

= T (F) = 0(F-£). (FL -1)&l E R
Ec((F} =

- /4-55_'“7/&;2“{‘%’:‘3— e, £o0

. 2 .
‘0[(7("‘-0(:_1:*"') F—)a(w)

e (6) = (8.7 + 44 "o ) 80, foigt
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where 27 B, = 0.3834, @, = 0.903, a,

etc. 1/n-expansion defines the width i onf'y at P >F, » As ig

- -0.067, 4 =1.288

geen from eq.(‘l‘l))for the states considered r'("fh‘ MJV) ‘f/fta
in this approximatiocn.

Below the threshold (E < 0) the scaling relations acguire
a .more complicated fomrzs-land will not be discussed here. it
will only be mentioned that they as before contain just one
universal function Gc( (Fj defined by eq.(10). As follows from
their derivation, the relative accuracy of the sceling relations
iz of the order of ‘I/n2, which is quite sufficient for the Ryd—
berg states 4 . Because of simplicity of egs.{11), they can be
used to control computations performed by more precise numerical
methods.

_6. As usual, the value of 2 ig fixed experimentally and
a gsequence of rescnances with given quantum numbers Ny, M is
observed. It follows from eq.(11) that the ln1n2m> state inter-

sects the zero-field iomization limit (E=0) when
/{l .
n=nt kf +—[’+;( %) (13

where k = 0,787 in atomic units and k = 37.5 if 5 is messured
in kV/cm,
. Among the Stark roesonances with given n  the states

In—1 Q 0> are the most long-lived. B.g., at m=0 the ratio

’Q - ”‘al/g) (_,(h 400] )

w7 %
£ Q_if’i’i') "] Ja
£ = P £ B * 0

a4

Ln, +7 F >
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The last value follows from (11) and ie in agreement with nume-
rical computationsrs'191perf'ormed by HPA for n,=0 and 1.
The spacings between adjacent resonances in the P~ Pyy
B~ 0 region .13(4’271: AE = C gé/?, ¢ = (ﬁ'?‘/;?)?;/z&
= 3.708. Prom the condition [@ 2 AE one cen estimate the
value nen when the adjascent resonances begin %6 substantially
overlap and the structure in the photoionization cross-section
digeppears, For the number of resonance pesaks in fhe E >0 region
we obtain '
: o) | ~1y o

b= n—nt 2k E , (15)
where k, = 0,332 for the |{n~1,0,0)> states, k, = 0.043 for the
!h—2,1,0> states, and 50 on. As ng and m increase, the width

I" (#eny h)(g) grows, while the number of resomance peaks which
can be experimentélly observed in the abovethreshold region
de-creases, correspondingly.

7. Comparison with experiment. Recently, invesiigation of

Rydberg states of atoms and molecules attracted a great interest
end significant results were ob‘tained[ml. The energies Et
and widths r’ of subthreshold resonsnces in a hydrogen atom
are presented in[5—1. Two series of the rescnances, ny >>n,
{("blue states?) and n, 5 n., {("red states") are given in Table 3.
The theoretical valueé of Ez(nf kz’k) -and P(ﬂ' e M) were
calculated by two independent methods described above {see Sec,2
and 3) which are in a good agreement. The agreement between

theory and experiment ig slac highly satisfactory ( for rubidium

. Ry B, 2%
and sgodiuwm the values of == Ez( f_z ) sre given in Table 3).
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In Pig.3 the energies ‘E-z of the Sterk resonances we
calculated a;r-e compared with the experimenial photoionization
spectrum of Na taken from ref. [’2_1. It is seen that the maxima
in the gpectrum are in in accordance with the resonance posit-
ions Et(hf h"h)

The validity of the scaling relation (11) is illustrated in

Fig.4. The notations of the experimental points are;

T4
O - In1,0,0> states in a hydrogen e.'t;cm,I 2:6.5 and
8.0 kV/em;
a - [1n4,0,1> and (n1,1,0> states in hyﬁrogmﬁl;

- the data for RbL'I{ £ a 2,189, 4.335 and 6.416 kV/cm);
- {n1,0,0> statez for Na[2’3lat 5 = 2,15 and 4.46 kV/ch
= 204 35),

* +

=]

As for the resonance widths, ‘the experimental pdints[:q"SL
at F >0.5 are set onto universal curve according to eg.(11),
gee Fig.5. However, at smaller values of F there are considerable
deviations from scaling due to the effeet of the barrier oi‘ pene-
trability. The numerical solution of eqs.(5) yields correct
interpolation between the weak field region and the scaling
region ¥ > F,, as seen from Pig.3 agrees with experiment. It is
noteworthy that the term 3’/&) in (5) is of a little importance
in the P >P, region.

The number of experimental points in F:l.gs.4 5 could be easi-
1y 1ncreased. in all the cages congidered the agreement between
theory and experiment is good and leaves no doubt that the peaks
in photoicnization ctogs se'ct.ions correspond to thé Stark quasi-

stationary states in homogeneous electric field z +« The sca-
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ling relations are applicable to the Rydberg states of an
arbitrary atom and can be used to identify the quantum numbers
_ (n.‘,nz.,m} for the above peaks.
The authors are very grateful o E.A.Solov?ev, V.M.Weinberg,
and especimlly to L.P.Pitaevsky, for useful discussions end

remarks.,
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Appendix 4
We congsider here the properties of the function j’(a)
defined by eq.(5').

1. Behaviuor at a,[ > 0@ . Using the Stirling series Tor

{70} {1(£+‘K,~) we Tird at Ke & » (:
pla) = Z -@‘H)
K

K=o . (a.1})
o ~(2t+1) 5 - (ek)!
- Iz 30 B W PRy T 1
(Jﬂé*f)('ik*’?/ 2ETL (,e-a-,,o)’e’r (2r]

where 3’2£+2’ are the Bernoulli numbers. The series (4,1) s
divergent but at the beginning its coefficients decrease:

e, = 1/24, ¢y = 7/2 880, Gy = 31/40 320, ey = 5.91(-4) i3 the
minimum coefficient after which ¢, begin to increage:

¢g = 1.92(~3), cyo = 13.42, 45 = 1.52(7} etc. (here (n)=10",
eoge 5.91(~4) = 5.91 x 1074),

With the identity _
[rlg-igr ) = £ € 0(twie)
in i, 0 ot
olig)= i O 5e) ) TR

(a=—Cy, O<f< ) mus, on the semioxis (0,=¢e0)

the above function is purely imaginary:



13
- \ 1{' in 4 -f—;;{’tz; 4[C+z&i—vﬁ;;_..
' tf/—c;] = ¢ x_ : g0,
(a.4)

PSS S
24y 288043 Fhd

( C = 0.5772 ... is Huler's constasnt). It follows from egq. (A.3)

that the asymptotic expansion (A.1) is valid when — ¥ < a/e‘;Q<'£.

Note that on the real axis, @fﬂ,:ﬁ.

Ingla) = 3 tn (14779 =

s —Rra
7€ e, ame

{a.5)

The asymptotic expansion of 37[4] at _"’Z- <arga < oo
be found in the following way: .

s r{s+ca)(+ €’*sz)
a) = - {ﬁk
gla) = 7 " -ca)
+ ¢ fh[/f-# emzr'"a) =
9,172 ¥
=i ]G g e
h[ r{g+7) J G (Tee )

where 4 = r.;g and eq.(A.2) wos used. Since i ({4- 5“374) =
= = 2ra +-)Reaklthen

- a ter ta +

o —~(2E+1
gia) = —teia < F o
f=o -
( fal —» oo ) . Thus, we have determined the sﬂ’(ﬂ)
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asymptotice for all — 7 < wrfc?, < 7.
2. T{a) has legarithmic singularities at &2 = 0,

f/ﬁ) S -Zh 2 —_ d.fka— +§/¢)(A.?)

#]

and at the points
a=4d, = (”*'zi)é , 220,752,000
where
f/d) = ‘q{g"@;ak) "',A;, t ; (2.9)
A, = tn Slan)"nl /(e o) 2e] "/§ -

1.766, n =0
= ) 1.811, =1
1.838, n —» &@
p .
{ Ah. = fhfﬂ' - at h >>/ ). This function

2en +
is regular a% the complex conjugate points £ = ¢ ° , since
L

&‘m F(i"-tl&){f-k eq’?fo’) — :51;: L.,?mwf

—— ! *
We note.also that

Tﬂh} + (——c'n) = ¢ €2 ‘(A.‘JO)&

s

and thus the values of jﬂ(tvu) ere purely immpinary. This is
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no longer valid for other points of the semiaxis ) &;:*::{;I,

>0
d ( T¢, O<gy<i

Re f@;ﬁ]‘—" )1 m4=1) T LF<E, ete.

3. The weak field region. Using PT expansionsl—-19’16lfor &
and /@L we get (F ~»0):

z, :9({__3&]F _ 6,/77)&2____3)&4—7(4-5-;5-3)‘5 e

where m = 0, X o= /ﬁf—lit)//t . Congidering also that |
2/? o ..
(r-e)ftns) = 2 agpafae (e can) ]

(2= 0),we find:
(a.11}
- [32: +(4m)¢)(%+3&i: - {’n(’/—k))] -“ .. }

The resulting approximate formula

~ —_
k0, Ara
= (hy#a =) . 1T e (h.12)
= 2 3
ATk
"(”1 ”z ‘L")
differs from e exact asymptotics for 1 at I' >0

only by an inesscntial numerical factor. For example, at m=0
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6/3"-7 0,865 for.the ground
state,

F("t "zo)(é)/r[h' kz?é) _ 43/ 23 . 0.947 for the

- | 0,1,C)state,

——  , at 1
12n 2 "2 >’>
(2.13)

Thus, the barrier penetrability correction in the WKB quantirzat—
ion rules allows one to match 1/n-expansion wi‘ch the well~known
behaviour{:15lof r(h'h‘hl) (S) at 5 -0 .

Note that eq.(4.11) defines only &, = Ked. The imaginary
part of 4 is exponentially small at F -0,

_ —Ara,

Iima :/;FFC [’f*f'C’(F&F}J (1.14)

Eqs.(A.11),(A,14) can be used in numerical calculations as ini-
tial approximation . ]

The trajectories a4 = Q(F) for a few typical states
| x'11n2m> are presented in Fig.6. The tramsition from 1/n- to
1/n2 approximation in eqs.{5) changea the values of < but
slightly and ther;bi the valuea of the energy.
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. Appendix B.
I.et ua make a i’_ew‘.qgnunents on numerical solution of eqs.{5).
These equations were solved_ by two di:t‘ferént mé‘th_ods which
yielded c'c'rnsis'tent results: the first is the Newton's method end
the second is the suctessive 'sterations (SI). Let lus briefly-‘
.sumalarize these methods. To this end rewrite (5) in & more simple

form:

5@(24,:3;) o -
% (2, 2 30/8):'0

The iteretlons in the Newton's -algorithm are bUIll‘t in the fol-
lowing way:

T FOI_ K/A. ,

(B.1)

where X 1s'a certain constent, A o~ 0.05 % O.S;_.A :J?fﬁ),

—~

& ia 8 matrix with elements

g, o 2%
“po= 2%’. 1200 (i,j-1and2)

]
A ¢ . is determinant of the matrixYderived from “ “)'“
by replacing j-column w:z.th - f /z? {n))
In the SI-methed 2 (hH) 15 constructed by

209 207 s /é”("’) (5.2)
¢ ¢ F ot :
It turned out that with an appropriate choice of /'(,- and -ﬂz

the S{-method has the most fast convergence and for F > 0.35



. ‘ 18
is much better than the Hewton's algorithm, Por example, for
the case qf[i‘6.1!0> state with f'(f = 20, lu_z ;-2 apnd F =
= 0.2 4+ 0.25 the SI converges at 10-15 iterations while the
Newton's aigorithm at 20{—38? the 'gi requires 150 iterations
whiie the Newton's aigorithm more than 1000. I_n addition, the
S5I does not reguire _calcuiation of th'e‘ der.i.vati,ves matrix H;jgﬁ'.
let usg émphasize, howe‘ner, Vthat the spe'.ed of convergence sharply
depends on choosing /(,f_ and /‘{z. which' in tg:_np%xg the state at
hand and on the value of P (if /L/, are poorely chosen the
process diverges). '

Eis.(5) contain .the. variable .
Lica
— r({“H_) - 3.3
I"(i'.—m) (_4+_e 2“‘") "

(under the sign of logarithm). The behaviour of & va.P is

shown_ in Pig.7a, It can be seen that trajectory k).—; aJ(F)
intersects the semiaxis — o << < (} whereupon Axc sb_ould
be added when calculating th4) - With further increase of P
the spiral iﬁ Pig.7a winds arcund the brax_zcl:l point W =0 -
.(or &= 02 ) and when calculating {k 0 one should take
ihto. account the number of rotations eround this point.

As simwn in Pig.7m, there is a bend of trajectory at
P 0,25 (actually, as shown in Pig.Tb, thois ‘trajectory is a
smooth curve). To explain this nmote that a —» oo (QZ é—;j})

at F — O and therefore

N

' . ‘ \
@réxf{i’“i /[’z“"// "'Zz(:;_'{'“‘ (B.4)
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The phase of &) Teaches its bER SRS 'at. &= 4 that corresponds
to alternation of ro‘tatlon in tra;;ectory &J(F) In fact,
thig takes place near F = 0,247 and 4 = 1,04 + < 2.10 4

Hote i‘lnally that the nypergeometrlc functlon.s enterlng _
2GS, (5} at (2‘(< ’f were calculated by usual series /—!-_ﬁ-z* .-
and at l (P’{ w:Lth the help of transformata.on - . 3
gee eq.(2. 10(2))1:1 ref. [28 ], |
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Footnotes

3

1) The accuracy of thesge. equation.a can be improved using the
corrections As fi in quantlzstlon rules(zostthe Tormal parame—
ter f{l of the quasiclaasical expansion goes over into 1/n
for the problem at hand). l ‘

2) Thue, & = 0,768, Q538, 0.414 and 0.336 for {n-1 0,0>
states in Rb {n = 20,30,40 snd 50), see alge Pig,2. Evidently,

5'{"4 #y "1) = f({ /7 for a-hydrogen atom.

3) Using eq.(10), all the coefficients y(, and by

-can, in principle, be evaluated analy‘ticall]r. For exauple,

Tz/z_?'ﬁ' R D(z. = g‘fgﬂ' (’{-’

g ¥ 3 o v 3
qfs-:hs—i //’"I%*Z%?,z)“’fﬁ b, :f/f;/jf)/a
ete , wiege 7-»-_—-[ r("é) /{"(3/‘7)] = = B.753 757 wus

{numericelly, we have: @, = 0.9034, 4, = -0.0673, &4 =
- 0.0173, &, = -0.0063, ...). Since &, 3 |{d,| >, | the P-
dependence of 6:( ig nearly linear within a wide range ’
F ~ P, which iz clearly secn in PFig.3. Note that Ect,[F)is real
at 0 ¢ F < 22 and intersecis & = 0 at P = P, which is not a
ainpularity for the function Gc([F) . On the other hand,

(F' han & equare root ainpularity at P = F, and )-_-
at P <7, . ‘

4) Thioc estimate is gsupporited by computations made by other

methods. See, for cxample, the next Table which gives the values
Ay b n,) -
of - ( T Chn
E.t !
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computatioﬁ ! a hydrogen atoﬁ, .

method £ . 16.8 Ki/om Rb, £ =2.189 k¥/em
(hon, m) [€17,0,0) (15,0,0) (14,1,0) |(18,0,0) (18,1,0) (18,2,0)
HPA 58.2 196.7 235.3 - - -
i/ 58.0 196.7 235.2 | 288.6  247.2 216.3
scaling 57.1 196.3  233.2 | 288.7 . 247.2  216,0

Fote that in the regica R < 0 .we bave, inatead of eqe(11)

~ ~ -~ k4
were [ _24£ Fo=ryf

2 (FJ = [“Sce;./lc)_.( S/a at F‘?‘{L;_ .,, 0,53.34’“

?(E)gc at

{10).

F<fe ema gce(,'c')- is defined by eq.

E, ,”fff,mi 2% [ 3 (F“?‘+ WHEFE /..(;92?(;)] .

The accuracy of this approximstion is illustreted in Table 2

_ which contsins the values of

: o de, R
-5 c-)almula‘bcd by EPA, eqs.

(5) and (11a) {"scaling"). The error of the scaling relation

(11a) imcreases with p/a , compars the (17,0,0) and (14,2,0)
states in hydrogen. ' ' _
The last line im Table 2 contains the vsiues of -B . calous=
lated by egs. (5) with S’ = 0. It shows that account of the
quentum dafect 9 = O (o n,m) is essentisl, especially for

rubidium.
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5) Here a = 8, + isy end we assume n, y>n, . Note that
this asymptotics is not accurate emough at the values of
F ~0.1, For example, at F = 0.2 numerical computetion gives
a = 2,5277 + 11.852 x 107 , while 8, = 1,6 x 10> accerding
tc eg. (&.94) (n = 20, }19,0,0> . stete). As is seen from ‘

the improved expansion,

pe -Ara -
R Y +3(&z—~f—)+~-§

eg. (A.14) has = per cent accuracy only when P < 0,041,

6} HFhL - the summation of perturbation series, p) =N FL
using the BermitePadé approximsnts L1 : 4/n end 4/n denote
the celculation of B = E_ - 1 {' /2 by solving eqs. (5), with
the barrier penetrebility taken into account. The agreement
between these values and ref. [213 is guite well, Cn the cther
hond, t:’;e approximate formulse by Drukerev [25-1 bave a conside-

reble less accuracy, especially feor r(h’kz-h)

7) m = O for all the states considered; P = 2 g varies
from 0.126 (a = 14) te 0,243 (n = 18), F* i3 the classical
fonizution threshold L4 amd  f x (F - ¥, MF, . The latter
quentlty shows the proxlmity of resonsnce enerpy Er(”f "-‘-A) to
the top of potential burrier in U}.ﬂ (2) end qnalitafivcly
expleins +the sceming irregularity in the values of r (n1n2m) .
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Table
Energies and halfwidths of the subthreshéld Btark resonances

& hydrogen stem 77 , E = 16.8 WW/en

- _Ez , Cﬂ:{ P/Z,) Cbr( _F .
(nqs05) Py vheor. exp.]51| theor. ref, 5]
(17, 0,312 58,1 80,7 2,21 2.5 0.0
(16,1) 04265 106.6 "103;8 8.93 9; 0.29
(16,0) 0. 390 123,3  126.5 | 0.5 C.14  [-Da12
{15,1) 0263 167.6 15749 1,84 241 0.04
(15,0)  0.307 | 196.7  198.5 | 7(=4)  1.1(~4) | ~0.30
(14,2) 0.236 21.5 21041 | 5.64 646 0,16
(44,13 0.260 235.5  238,1 | 0.020 0,016 |=0.18
(13,2) 0.233 278.2 275.8 | 0.27 0.23 |~0.08
(12,3) v 33,8 3B | 1.29 1.6 «0,001
(12,1 0.256 5.2 W8 - 5(~6) |~0435
(12,2) 0,229 | 349.8 354 | 1.A(~4) 1(-s) |~0.28
(11,4) 0,200 352,2 351.4 | 3,29 5.0 0.07
(11,3) 0.2 3844 38643 | 1.9(=3) 1.8(~3)| -0.21
(10,43  0.197 419, 1 419.2 0.025 0.032 [-0,16
(0,13} 0,122 781.8  781.6 10,570 0,62 |-0.05
{1,12) 0136 750.9  751.7 | 0.268  0.25 | -0.07
(2471 C. 140 72040 72140 C.105 011 0,10
(3410) V.45 689.1 689;1 0.038 0,04 |-0,13
(5,8) 0.157 627.3 629,0 1.9(-3) 2(~3) |-0.20




Table- 3
 m Zomem
S - T T e

(4mom) - & fé;? exp. ti;so:;. ) F-; f

(23,0,0) ous7 | 80,35 79 r3e(=B) 10,330 030
(24,0,0) G151 56.96. G645  2.5(~3) Q330 =017
(25,0,0) Q. M5 | 35.52  35.5 Q.15 0331 -0
(26,0,0) Q..‘MO 1052~ 15,5 Q.83 Q332 ' 0;-12
(22,0,1) 0.065 | 84.36 85, ~10~%  loo  —0.23
(23,0,1) 0,062 | 6188  63.5  3.5(=2)  |0.301  0.09
(24,0,1) 0.080 | 41,40 41, 0.63 C.302  ©.06

(25,0,1)  0.057 | 22,03 22,5 2,07 0.308 0,22
(23,1,01 ©.135 | 70.2 0.5 o;_ft-t 0,287  ~0.05
(25,1,0} 0.126 | 371 30, Ze3 0,290 0.28:
(22,1,13 0,070 | 75.9 76,5  0.39 0,270 0.0
(25,1,1) 0,067 | 56.5 565 2.2 0.272 07
(28,1,1)  0.064 | 37,5 35.5 4.8 0,278  0.36

(22,2,0) 0.120 | 83.8 S4e - 0.7 0,264 0,04
(23,2,0 Q.17 64,7 6345 Bt 04263 021
(28,2,0)  Q.114 | 85,7  45.5 6.1 0.265 0,40
{25,2,0) Q.11 27.2 28.5 9.0 0;266 0.6
(24,1,0) Q.13 50.3 0.5 1.2 0.288 Q.11
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Tahle 3
Bb, & = 2.189 K¥/cn
L, e - By cn™
(n4n,m) S theor, exp, | (n4uom) S theor. exp.
(18,0,0) 0.802 2886 289 | (21,1,0) 0.517 159.5 160
(19,0,0) 0768 2890 250 | (22,1,0) 0.504 136.2 136
(20,0,0) 0.73%  214,6 -
(21,0,0) O0.708 484.2 184 | (16,2,0) 0.828 284,0 284
- (22,0,0) ©0.681 157.1 157 (17,2,0) O.421 247,99 249
(23,0,0) 0.656 132.8 133 | (18,2,0) O.4%  216.3 217
(19,2,0)  0.407  188.2 189
(17,4,03 0.577 284,6 286 | (20,2,0) 0.400 163.2 163
(18,1,0) 0.561 247.2 287 | (21,2,0) 0.393 140.6 a1
(20,1,0) ©.531 85,4 185 | (22,2,0) 0.386 120.2 120

Footmotes here (o) = 10", S in the qQuantum defect {8),

Theorpetical weluesz of Er wers caiculsted by HPA

and egs. (5), experimental values were teken from

r
figures in refs, -2’31(115) and 1] (Bb), the uncer-
taimty of X, being ~ 0.5+ 150 cu " .
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[3]

Fige.is The trajectories of the Stark resonancee in the complex
2 [ V4
plane € = Lk E("Z ):El.._,;e
a) for the ground state and n=2;

v} for all the gistes with n=3,
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g2+
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Figede Seeling {11} for abovethreshold reoonnicén, The variableg

o~ a ~2 (re iy by S~
e = Zn Ez the ) and F=p?f
are uaed, the solid curve ia GC((FJ . The experimentul

f
reintns ere explained in the toxt,
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Pig.5. Scaling (11} for the widths of the Stark rescnances:

?:” = (n ,2.’7/9/2*_) F(‘!fhzf")(g),

F¢g) - 1% atomic units, pa2n, +m+1 (0 =0 for a hydrogen.
atom). Notationa are:

O, ad ¥~ [n,,0,0p, {ng,0,1> and {n,,1,0) states
in hydrogen at & =6.5 and 8.0 kV/em (95}, 3¢ - 2,n, 0>
states in Na (n2=0,1 end 2) st £ =3.59 kV/cm E2.3_].
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